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Solution of
FPK equations

/

Transient & Steady
state solutions

MX +CX + KX =TW (t);t 2 0; X (0) = X,; X (0) = X,
X(t)~ NxL T'~nxm; W(t)~m><1

(W (t))=0; <W (W' (t+ 2')> =| 2D, ]mxm S5(z)

X+ B(x) = ()'t>0&x(0)=x0

(W(t)) = 0i(w(t,) w(t,)) = 2D5(t, -t,)

X+xf (H)+g(x)= W(t)t>0x() Xo; X(0) = X,

) -0t o) 2051

Steadystate m X + M. ﬂjxjﬁ‘y Wj(t),tZO,XJ(O):XJO&XJ(O):XJO
solutions 1 J

U =§xth;<Wj (1)) =0:(W; ()W, (t+7)) =2D;5,5(7);

m; A, :

P =12,

) V] n




Moment equations

dX (t)=f|t, X (t)|dt+G|t, X (t)|dB(t);t=0;X (0) =X,

%:_ > [fj(x’t)p}rizn: ?;x [(GDGt)” p}

i1 OX;

LDx.=(F)+3(w (x,t>§7“>+ii<(GDG‘)u o

X +pX =w(t);t=0;X (0)= X,
X +2noX + o*X =w(t);t>0; X (0)& X (0) specified




Example

X+ X +aX®=w(t);t>0;X (0)= X,
dX (t) =—AXdt—a X dt + dB(t)

f =—pX -—aX®

%<h[x (1).t]) = <‘2:‘>+<—(/3x +05x~°’)£?j >+ D<§;2>

m, = ([-BX —aX*])=—pm —am,

—

My = L X\((:&)>

=

, = ([-BX —aX*]2X)+2D =-2ppm, - 2am, + 2D

3 <:—,3X —05X3:3X2>+6Dml =-3m, —3am, +6Dm,

=
I
—

~pX —aX®|4X°)+12Dm, = -4pm, —4am, +12Dm,




Remarks
eMoment equations form an infinite hierarchy of equations

which at no stage provide sufficient number of equations
to solve for the moments: CLOSURE PROBLEM
e This Is the characteristic feature of moment equations
of non linear systems driven by random excitations
eClosure approximations
e Assume that the higher order moments, beyond a given order,
are related to the lower order ones as though they
obey an adhocly specified pdf (Ex: Gaussian closure)
e Neglect cumulants beyond a specified order




Note : This problem occurs for non - white excitation also
mX +cX+kx+ax’ = f (t);t2>0;x(0) & x(0) specified
Taking expectations on both sides
m(%(t))+c(x(t))+k{x(t))+a(x*(t))=(f ()}

Equation for mean response contains 3rd order expectations.
m{x(t,) % (1)) +c(x(t) (1)) +k (x(t) x(t))+ar (x(t)x* (1)) = (x(t,) f (1))

O°R_ (t,t oR,, (t,t
at(z 1)+C (»9(;[ 1)+kRXX(t,t1)+a<x(t1)xg(t)>:Rxf ('[1,'[)

Equation for ACF of x(t) contains a<x(tl) x> (t)>

m

Closure problem




Example

X +a,X +[ a +w (1) | X =w,(t);

t>0; X (0)& X (0) specified.

dX, = X, dt

dX, =-a,X,dt—a X,dt — X,dB, (t)+dB,(t)

{dxl} { X, } 0 o'{dsl(t)}
= dt +

dxz _aZXZ_alxl __Xl 1_ de(t)
(dB, (t)dB, (t+7))=2D;5;5();i, j=1,2

o — — — p— _t —

cog | O Of[B. oo o] [o 0
~X, 1|l 0 D,||-X, 1| |0 D X?+D,,




(

01 — <[_a2X2 - alxl]> = —a, My, —a, My
(
<

, +[—a, aix] > m,, —

X, dH' 0 0}/dB,(t)
|-a,X,—-aX, X, 1]|dB,(t)

¢ = (0 Fewy

m11 o a1m20




| order moments
My, =(X,)=my,
= <[—a2X2 - a1X1]> =-a,m,, —am,
|l order moments
=(X,2X,)=2m,
= (X, X, +[-2,X, —a,X,]| X, ) =my, —a,m, —am,,
=<[—a2X2—a1X1]2X2>+<X1 D11+D22>

= —2a2m% - 2a1rnl/1 + Dllm_EO +D,,

Moment equations are closed & hence can be evaluated
exactly (numerically at least)




Steady state

m,=0=>m, =0

m01 =0= —a,My;, —a My, = 0

My, =0&m, =0

m,=0=2m,=0=>m, =0

m11 =0= My, —a,My; —aM,, = 0= My, =M, = 0
mzo =0= —2a2m02 - 2a1m11 + D11m20 + D22 =0
—2a2m02 + D11m20 + D22 =0

Question: Are the steady state moments realizable?
That Is. are these moments stable?

Strategy : perturb the solutions and see if
perturbations die out.




The moment equations can also be used to study stability
of the system in terms of response moments.

Y =AY +B

Y=Y+v

v(t) =small perturbation

—

Y+v=A(Y+v)+B

—v=A=v(t)=yv,exp(st)= Av, =slv,
A-sl|=0

Perturbations do not grow In time if the real part of the
eigenvalues of A are all <0.
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Equations for two time moments
Considern=2

dX (t)=ft, X (t)]dt+G[t, X (t)|dB(t);t=0;X(0) =X,

P RICULID » el [C SN

P= p(X,t | Xo’to)— p(Xl’XZ’t | X01’X02’t0)
Consider

<X1m (t)xln( > _[ JX 771 X1 Gt )dxldm

—00 —00

p(iﬂl;t’to): I I p(kxi’X2’771’Uz;t’t’toto)dxldxzdmdnz

—00 —00




<x1m (t) Xy (to)> :T T X Ty p(X1’771;t1to)dX1d771

p(X1’771tt :II X1X2771772tttt)dXd772

—00

H P(X X3ty 770,773t ) P (71,77, 1.t Jox,d g dx,
11 Xy

)=

| [ atp (st 1 mit ) P mit t, Jmdn,




<le (t) X/ (t0)>: j jxlmv(xl,xz;t,to)dxldx2

V(X Xt t) Hm P (X, Xoituty 172,703ty ) P (1,23t Yy,

f\—‘

Consider the FPK equation

—00 —00

n n 2

E:_i ox. RICULIN? ax(?axj (606", p.

It follows that

E:_Zn:ax[ O]+ o [(GDGt)ijv}

iI=1 j=1 6X X

o0 o0

limv (X, %;tt)= [ [ (x=m)(% =) p(m. 1,3t t Ydmdn,

=% P(Y Yoitooto) y




Backward Kolmogorov equation and reliability
function

References:

oY K Linand G C Cal, 1995, Probabilistic

structural dynamics, McGraw Hill, NY]

eD R Cox and H D Miller, 1965, The theory of stochastic
processes, Chapman and Hall, NY.
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Backward Kolmogorov equation and reliability
function
Let X (t) be a scalar Markov process. For t, <t, <t,

we have

p(Xsits [ X5t) = [ P(Xsits %03ty ) P(Xoity [ X5t )X,

p(X3;t3 | _)Sz;tz): p(xs;ts | X T X% __Xl;tZ)

op
= P( Xt | X5t )+ (X, =X ) —
( 3143 2) ( 2 )5)(2 -
1 0°
+§(X2—X1)2 8x§ - +o[(x2—x1)1
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p(Xsits X3t ) = [ P(Xsity [ %58,) P(Xoit, [ X5t )X,

o0

j(xz _Xl) p(xz;tz | X1;t1)dX2

O
— p(XB;t3 | X1;t2)+6_)z

o0

j(xz _X1)2 p(xz;tz | Xl;tl)dXZ +O[(X2 _Xl)ZJ

10°p
2 OX;

1
:>E|:p(x31t3 | X1’t2)_ p(XB;tB | Xl’tl):l

1 0 e
+A_ta_52x2—xl£<X2_X1)p(x2;t2|xl;tl)dxz
2
10 [ 0 (Xz_x1)
At @X? - __[O(XZ_Xi)Z p(Xz;t2|X1;t1)dX2+ |: o :|:0




Consider the limt, »>t, =

0 op 1 0
8—E+a1(xl,tl)£+§a2(xl,tl)G—X?:O

P= p(X3,'[3 | X1’t1)
In the standard form the above equation written as

op op 1 o°p

— ==, (Xt ) ———a, (X,,t, ) —; p= p(X1t]|X,,t
o, 1( 0 O)8XO 5 2( 0 0)8)(5 P p( | % o)
IS known as the backward Kolmogorov equation.

(Backward - the independent variable t, <t)

ICS:p(X, 1, [ X,t) = (X—X,)
[ Typical| BCS: lim p(x,t|x,,t,)—0




Vector version of Backward Kolmogorov equation

dX (t)=f|t,X(t ]dt+G[t,x (t) |dB(t);t=0; X (0)= X,

LS a3 306 (%), 52

i OXyi i T OX4i 0%y

p=p(%t]%:t,) B
ICS: p()?;to | Xoito):H5(Xi _XiO)
=1

BCS:Vj=12,---,n, lim p(%t|%;t,)—>0




Remarks
o|f we are Interested in pdf of X (t) for a given initial condition

we use forward equation.
o|f we are Interested in the pdf of time for first passage across

a threshold, we use backward equation.




First passage times

Consider the scalar SDE
dX (t)= f(X)dt+G(X)dB(t) with X (t;) =X, < X,

T = time at which X (t) reaches the critical value x_ for

the first time given that X (t,) =X, < ..

Safe region: X (t) < x,

Unsafe region: X (t) > x,

R(t, X.; xo;to) = Probability that X (t) stays in the safe region

during the interval t, to t.

R(t, X.; %t ) Xt ) dx =P T >t—t, | X (t,) =X, |

] C’




Xe

R(t, %.; %ty )= Ip(x;t|xo;to)dx:P[T >t—t) | X (t;) =X, |

] C’
X

Remark
The samples of X (t) are such that the first time they

reach the level x_ they get absorbed. That is, X (t) = x_ IS

an absorbing barrier.
BK-equation
2
Sf+f( );I? (xo)Dz—X?:O;pzp(x;HXO;to)
ICS: p(X;t, | X55t5) =5 (X—X,)
BCS:p(X;t|X,;t;) =0 [Absorbing boundary]
We consider only those trajectories which have not
yet reached the critical barrier.




Critical barrier \
W
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R(t,xc;xo;to):_f P(X;t] Xty )dx = P[T >t—t, | X ()= xo}

2
P i () P +6(x,) D2 P =0

ot, OX, OXg

2
a—R+f( )@—R+G( )D6|§:O
ot, OX, OXg
BCS

R(ty, X.; Xty ) =1

o[At t =t,, no trajectory has reached the critical barrier]
R(t,%;;%;t,)=0

-[If the trajectory originates from x_ the probability of failure=1 ]
0<R(t,X; Xty ) <1

o[ Because R is a probability]




Summary

R(t X %it)=P| T >t =ty | X (t,) =X, |
2

2—2+f(x0)§—2+DG(xo)Zx?

R(ty, X.; Xty ) =1

R(t,X; Xt )=0

0<R(t, X %51, ) <1

Assume: x, =z, Is reflective

op(Xit]%ity) _o_[R 0
aXO X=X X=X

=0




Let 7 =t—t,
R(t, X Xt )

R(7,%:%)=P|T>7| X (t;) =%, |

OR OR 0°R
——+ f —+ DG =0
or (X")axo+ (XO)axg

R (7.%,1% )], o=1

R(7,%;%,)=0

0<R(7,X;X%)<1

[a_Rj -
OX, o

27



Moments of first passage time
P[T <7|X (to)zxo]zl—P[T >7| X (to):xo]
P (7,%, %) =1-R(7,%;; %)

0 0
of (r,xc,xo)ngT (7,%., %) =—=—R(7,%; %)

ot
We have
OR OR 0°R
———+ f —+ DG =0
or (x )8x0 " (XO)axg
OR 0°R
X )=—f — DG
= P (T X Xo) (XO)@XO (Xo) 5X§

—
_|
>
~_
||
= X
N
>
©
_|
—~—
N
>
o
<
o
N
o
N
||
<
>
SN
>
o
<
o
N




M, :<T”>:Tr”pT (T,XC,XO)dTZTTn (_a—R(f,Xc;Xo)de
0 0
:[r”R(r,xC;xo)]: +nTr“lR(r,xc;xo)dr
0

:njr”‘lR(r,XC;xo)dr
0

We have
OR OR 0°R
——+ f —+ DG =0
or (X‘))axo+ (XO)axg

Multiply both sides of this equation by z"and
Integrate over 0 to «o =




1

M, +——f(%)—M

n+1

(n+1)

I\/In(xc’xo)lx0
Mn(XC’XO)|x0=

n=12,...

d

dx,

M.+ f (%) M

dx,

=0

XI<OO

Tr"( szdﬂj " ( (a

n+1

n+1

OR
Xo

)dr+ Dj InG LGZR

+DG(

+DG (X, )=

n+1 dx
d2
dx;

n

M.,

=0

=0

]dz'zO




1)'M f —M
(N+1)M, + (xo)dXO

n=0=M,=1

M,
dx,

1+ f (%)

1 (Xc’ XO) Xo =X

+DG(x,)

=0

< O

d

n+1

d’M,

=0
dx;

d2

+DG(XO)WMn+l ZO
0
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VST (A2 7Y

Generalized Pontryagin Equations

d d’
f(XO)dTMrH-l—'_DG(XO)WMn-Fl =—(n—|—1)|\/|n
0 0

M n+1 (Xc’ XO) |x0:xC =0

I\/InJrl(Xc’XO)le:x,<OO
n:1’2’...

32



Generalization to multi - dimensional problems

dX (t)=f|t, X (t)]dt+G|t, X (t)|dB(t);t=0;X(0)=X,

LSl -3 606 (8], 50

-1 OXy j =l j=t I OX4i 0%, j

p=p(Xt]%:t)
Safe region: X (t)e(; I' = Limits of safe region
R(L Tt Q) = [ p(R5t| Kty IR =P[T >t—t,| X (t;) =% |

Q




UNSAFE




SUARN\N




R(LT5t, Q) = [ p(R5t| Kty JAR=P[T >t—t; | X (t,) =%, |

2_2:_1_2”_1: fj[to,x]— ZHZZ[GDG( %)) OF

OXo E=t= i OXg; 0%y
R(t, [;t,, Q) =1
o[At t =t,, no trajectory has reached the critical barrier]
R(t,I;t,,I)=0
-[If the trajectory originates on I" the probability of failure=1 ]
0<R(t,T;t,Q)<1
e|Because R is a probability |




Let 7 =t—t,
R(LT; Xty ) =R(7,T; %) = P[T >7| X (t,) =%, eﬂ]
n n n ] aZR

OR
_Ez_;f [ ]axoJ _,Z_;‘JZ_;‘[GDG T OX4i 0%y
R(7,T5% €Q)],_,=1
R(z,T;%, €l)=0
0<R(z,I;% eQ)<1




Moments of first passage time

PIT STlx(to):xer]:l—P[T >7| X (t)) =% Q]

R(t,T;%, eQ)zj p(>'z;t|>'zo;ﬁj>'z= PIT>t—t, | X (t,)=% Q]
Q

P (z,T,% €Q)=1-R(t,I; %, € Q)

b, (2.1 % €Q)= 2P (r,T,% eQ) =~ R(t,T;%, € Q)

loka loka
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n n

- $ e

=1 Xy =

Y _ 1 OR
= p(z. 0% eQ)=-> f [to’xo]aT_
j=1 0j

3> [GDG! (t,,%, )] O'R

i—1 j-1 i OX,; @XOJ.

<Tn>:Tz-n P (7.0,% eQ)dr =M (T, x, € Q)
0

"\

0°R
10Xy 0
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Generalized Pontryagin Equations
(N+1)M, +LM,,, =0;n=12,...

n n n 2
L:_Z; f [ty %, |GDG' (1, %) | 0
j= :

=1 j=1 aXOi@XOj

I\/In+1(F,XoeF)—O
|\/|n+1(F,XO eQ)<oo
n:]_,z’...




Introduction to method of stochastic averaging

e An approximate method for analysing lightly
damped nonlinear systems under broad band
excitations.

e|_ecads to simplified models for response envelope
and phase processes

eEnables application of Markovian methods to the
solution of equations govenring the response envelope
and phase processes

eBest suited to study nonlinear sdof systems.




Reference :
J B Roberts and P D Spanos, 1986, Stoc
averaging: an approximate method of so

nastic
ving nonlinear

random vibraiton problems, Internationa
Mechanics, 21(2),111-134.

Journal of Nonlinear
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Illustration of deterministic averaging procedure
Consider the free vibration response of a nonlinearly damped
sdof system

li+agu=ef(u,u);t=0;u(0)&u(0) specified.

¢ =asmall non-dimensional number

e=0= UttoM =0

Uk = Areoswst < BSintaot
YOY=Uo = A=Uo

u(t)=acos(wit+ )

U(t):—aa)o Sin((()ot-l-ﬂ) UG = U = B= qibr
. 0
For £ # 0, we consider the transformagic()Jcn> R oot M@ Sm |

u(t)=a(t)cos| wyt+ B(t)]
U(t)=-a(t)m,sin| mt+B(t)

Note: this step involves no approximations

K (og Cwo{+ (F)
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Consider
u(t)=af(t cos[a)ot+,8(t)] a(t)cosg(t);4(t) = wpt+ B(t)
= U (t)=a(t)cosg(t)-a(t) o, +4(t) [sing(t)

E——

Since we are taking u(t) =—a(t) o, sin ¢(t )Tt follows
a(t)cosg(t)—a(t) B(t)sing(t)=0---(A)
Consider u(t)=—-a(t)m,sin¢(t)

:>u(t) a(t)w,sing(t)—aft )a)o[a)o+,8°(t)]cos¢(t)
-a(t)aw,sing(t)- a(t)a)0|:&)0+ﬂ( )]cos¢(t)+
a(t)cosp(t)=ef|a(t)cosg(t),—a(t)a,sing(t)]
—a(t)w,sing(t)- a(t)a)ocos¢(t)
[a(t)cos¢( ).—a(t)w,sing(t) |-(




(000540 a0 AN A =0 A
-a(t)w,sing(t)-a ( ), cosg(t) =
ef|a(t)cosg(t),—a(t)w,sing(t) |-

Solving for a(t)and B(t) we get
a(t)= —a)iosingb(t) f[a(t)cosg(t),—a(t)a,sing(t)]
wpa(t)

eNote: no approximations till now.

B(t)- cosp(t) f|a(t)cosgp(t),—a(t)em,sing(t)]

olf ¢ is small, a(t) and S3(t) are small.

Thatis a(t) and B(t) do not change appreciably over

the time duraiton t to t+2—ﬂ.
Wy




a(t)=——sing(t) f [a(t)cosg(t),~a(t)m,sing(t)]

Wy
,B(t)—woa(t)cow (t) fa(t)cosg(t),—a(t)em,sing(t)]
a(t)z—izijsmm [acosg,—am, sing|dg

w, 27
p(t)~— ga2 jcos¢f[acos¢ —aw, singld¢

w,a 21

These are averaged equations.




Example

U+ wiu =—2&uu
4/,/_

a(t)z———jsm¢ 28w, singldg

—— C()O

— _wioi(Z,uawo) j sin’ gd¢ = —cau

,B(t)z— jcos¢ 2 am, sin gl dg =

—— w27

= u(t)~ a, exp(—&ut)cos| ot + £y | /
Exercise: compare this with the known exact solution

_/-—
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Example
U+ @yu =—¢uu

a(t)~ —ii%sin #| am, sin g|-aw, sin 4| [d¢

N . Ae,a’
2 2 2 do = — b
a a)o)lsm plsingldg =—¢ -

/

-

51(

W, 27

p(t)~- ga 21 fcos¢[aa)osin¢|—aa)osin¢|]d¢:O
_ -~ w,a?lr —

0
m C‘\L:___é&hlgvﬁl'

d T n

= u(t)#- 432)a cos[at+ 4] A | e [did
1+ 30 Ot — Av Q)

T

Note: Rate of free vibration decay depends on ics.

48



eps=0.5
eps=0.1
eps=1.0

x(t)




1.5

a0=1
a0=2
a0=4.0

time s
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Example

i+ ofu=e(U-0°)—
a:lga{l—ﬁwgaﬂ&ﬁzo

’—’/

Ytwru- E (=) = o

(\/\/\)

1
N =
2

a(t)=+ %

& &IB::BO

N |-

3

29 a’ + [1—jw§a2}exp(—gt)

- cos|apt+ 3]

J
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1
r N o
2
2

u(t) =+ ; _ 3a0 - cos|apt+ 5, |
“ofal + 1—4a)§a2}exp(—gt)

L -

J

1
. 4 |2
!Lrgu(t) —> {3@5 )> cos| wpt + 3, |

Note: the amplitude of steady state oscillations

(in free vibrations) is independent of initial conditions.
Contrast this with the response of undamped linear
sdof system.




xdot

0.5+

0.4
0.3

0.2

0.1

-0.3

-0.4

-0.5

\ Uowi Gyle

-0.1

| | | |
-0.08 -0.06 -0.04 -0.02

0

| | | |
0.02 0.04 0.06 0.08

0.1
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xdot

0.5
0.4
0.3
0.2

0.1

-0.2
-0.3
-0.4
-0.5

s

zgda

| | | |
-0.08 -0.06 -0.04 -0.02

| | |
0.02 0.04 0.06

|
0.08
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0.08

0.06

0.04

0.02

-0.02

-0.04

-0.06

-0.08
0

10
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0.08

0.06

0.04

0.02

-0.02

-0.04

-0.06

-0.08
0

10
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