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Solution of 
FPK equations

Transient & Steady
state solutions

Steady state 
solutions
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Moment equations form an infinite hierarchy of equations
which at no stage provide sufficient 

CL
number of equations

to solve for the moments: 
This is the characteristic feature of 

OSURE PROBLEM





Remarks

moment equations
of non linear systems driven by random excitations
Closure approximations

       Assume that the higher order moments, beyond a given order, 
          are related to the lower order on




es as though they
          obey an adhocly specified pdf (Ex: Gaussian closure)
       Neglect cumulants beyond a specified order
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losed & hence can be evaluated
exactly (numerically at least)
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ents realizable?

That is. are these moments stable?
 perturb the solutions and see if 

perturbations die out.
Strategy :



11

 

 
   0 0 0

The moment equations can also be used to study stability
of the system in terms of response moments.

small perturbation

exp

0
Perturbations do not g

Y AY B

Y Y
t

Y A Y B

A t st A sI

A sI




 

     

 

 





   

     

 




 



row in time if the real part of the 
eigenvalues of  are all 0.A 



12

         

   
   

   

0

2

1 1 1

0 0 1 2 01 02 0

1 1 0 1 1 1

Consider 2

, , ; 0; 0

,

; | ; , ; | , ;
Consider 

,

n n n
t

j ij
j i jj i j

m n m n

n

dX t f t X t dt G t X t dB t t X X

p f x t p GDG p
t x x x

p p x t x t p x x t x x t

X t X t x p x

  



         
              

 



 

Equations for two time moments

 

 

   

1 0 1 1

1 1 0 1 2 1 2 0 0 1 2 1 2

; ,

, ; , , , , ; , ,

t t dx d

p x t t p x x t t t t dx dx d d

 

    

 

 

 

 



 

 



13

     

   

   

   

   

1 1 0 1 1 1 1 0 1 1

1 1 0 1 2 1 2 0 0 2 2

1 2 0 1 2 0 1 2 0 2 2

1 1 0

1 1 1 2 0 1 2 0 1 2 0 1 1

, ; ,

, ; , , , , ; , ,

, ; , | , ; , , ; ,

, ; , | , ; , , ; ,

m n m n

m n

m n

X t X t x p x t t dx d

p x t t p x x t t t t dx d

p x x t t t t p t t dx d

X t X t

x p x x t t t t p t t dx d d

  

   

    

     

 

 

 

 

 

 

 

 









 

 

 

 
 

   

2 2

1 2 0

1 1 2 0 1 2 0 1 2 0 1 2

, ; ,

, ; , | , ; , , ; ,n

x d

v x x t t

p x x t t t t p t t d d



      

 

 

 

 



 

 



14

     

     

   

1 1 0 1 1 2 0 1 2

1 2 0 1 1 2 0 1 2 0 1 2 0 1 2

2

1 1 1

, ; ,

, ; , , ; , | , ; , , ; ,

Consider the FPK equation

,

It follows that

m m m

n

n n n
t

j ij
j i jj i j

X t X t x v x x t t dx dx

v x x t t p x x t t t t p t t d d

p f x t p GDG p
t x x x

v

      

 

 

 

 

  





              




 

 

 

   

       

 
0

2

1 1 1

1 2 0 1 1 1 2 2 1 2 0 0 1 2

1 1 2 0 0

,

lim , ; , , ; ,

, ; ,

n n n
t

j ij
j i jj i j

n

t t

n

f x t v GDG v
t x x x

v x x t t x x p t t d d

x p y y t t

        

  

 


 

            

  



 

 



15

Y K Lin and G C Cai, 1995, Probabilistic
structural dynamics, McGraw Hill, NY]
D R Cox and H D Miller, 1965, The theory of stochastic

p





Backward Kolmogorov equation and reliability 
function 

References : 

rocesses, Chapman and Hall, NY.
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 If we are interested in pdf of  for a given initial condition
we use forward equation.
If we are interested in the pdf of time for first passage across

a threshold, we use backward equation. 

X t
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An approximate method for analysing lightly 
damped nonlinear systems under broad band 
excitations.
Leads to simplified models for response envelope 

and p





Introduction to method of stochastic averaging

hase processes
Enables application of Markovian methods to the 

solution of equations govenring the response envelope 
and phase processes
Best suited to study nonlinear sdof systems.
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J B Roberts and P D Spanos, 1986, Stochastic
averaging: an approximate method of solving nonlinear
random vibraiton problems, International Journal of Nonlinear
Mechanics, 21(2),111-134.

Reference : 
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cos sin

Since we are taking sin ,  it follows

cos sin 0

Consider sin

sin

u t a t t t a t t t t t
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cos

sin cos

cos cos , sin

sin cos

cos , sin
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cos sin 0

sin cos

cos , sin

Solving for and  we get

sin cos , sin

cos cos , sin

Note: no approximations ti

a t t a t t t

a t t a t t

f a t t a t t

a t t

a t t f a t t a t t

t t f a t t a t
a

A

B

t
t

  

   

   



    

    



 

  

  

    

   



 









   
   

0
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If  is small,  and  are small.

That is  and  do not change appreciably over
2the time duraiton  to .
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0
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0
0

2

0
0 0

2

0
0 0

sin cos , sin

cos cos , sin

1 sin cos , sin
2

1 cos cos , sin
2

These are averaged equations.
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0
0 0

2
2

0
0 0

2

0
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0 0 0

2

1 sin 2 sin
2

1 2 sin
2

1 cos 2 sin 0
2

exp cos
Exercise: compare this with the known exact solution
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2 2 2 0

0
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0
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1 sin sin sin
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41 sin sin
2 3

1 cos sin sin 0
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cos41
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Note: Rate of free vi
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1
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0

0 0
2 2 2 2
0 0 0
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0 02
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cos
3 31 exp
4 4

4lim cos  
3

Note: the amplitude of steady state oscillations
(in free vibrations) is independent of initial conditions.
C
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