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Monte Carlo simulation approach-4
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Fourier representation of a Gaussian random process
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Fourier representation of a Gaussian random process 
(continued)
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Let ( ) be a random process whose first order pdf and
the ACF functions are available. No further information abou

X t

Simulation of partially specified non - Gaussian
random processes : Nataf's transformation
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Simulation of spatially varying earthquake
ground acceleration
Consider  and ( ) to be two random processes
representing ground accelerations in the horizontal
direction at two stations separ

X t Y t

Exercise : 
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1 2

ated by a distance .
 and ( ) can be taken to be jointly stationary,

Gaussian and zero mean random processes. The auto-psd 
functions of  and ( )may be taken to be of the form
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X t Y t
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2additonal filter  is introduced to ensure that
the ground displacement is well behaved at low frequencies.
The coherency function can be taken to be given by

exp exp
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 code to simulate samples of ( ) and ( ).X t Y t
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The coherency function can be taken to be given by

exp exp

Develop a code to simulate samples of ( ) and ( ).
Assume 15.6 rad/s, =0.6, I=1 (m/s/s), 

0.8 rads/, =0.5, 
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 100 m, =0.1 /m,

and =250 m/s.
From the ensemble of time histories generated
estimate the psd and cross psd functions and compare
them with the target values.

Y
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Simulation of a multi - parameter random process
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Let ( ) be a stationary Gaussian random process defined on , .

Let  be the first order density function and the psd function
l r

X

X t x x

p x

Markov process approach for simulation of non - Gaussian random
processes
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2 2

2

(for the purpose of illustration) be

; 0

Here  is the meansquare value of ( ).
Consider the SDE

The psd of response in the steady state is obtainable.
The  steady state solu

XXS

X t

dX t Xdt D X dB t

 
  





 


  

tion to the govenring FPK equation is obtainable.
Demand that these solutions match with the target psd and pdf.
Determine drift and diffusion coefficients so that this becomes possible.
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2

2
2

2 2

Multiply the above equation by  and take the ensemble
average:

exp

Select .

exp

 has no influence on p

X t

dX t Xdt D X dB t

X t dX t X t X t dt X t D X t dB t

dR
R

d
R A

A

D X t





   


 


  



  
  



  

        

  

  



 


  

Remark

sd of ( ).X t
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2
2

2

2
2

2

2

1
2

Steady state
1 0
2

1 0
2

Since  is specified, the above equation needs to be

viewed  as an equation for t

dX t Xdt D X dB t

p xp x D x p x
t x x

d dxp x D x p x
dx dx

dxp x D x p x
dx

p x









  

            

       

    

Note :

 he unknown .D x
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2

2

2

2 2

2

1 0
2

2

To generate samples of ( ) with pdf ( ) and psd

S ,  obtain steady state solutions of the SDE

2with .

l

l

x

x

x

x

dxp x D x p x
dx

D x up u du
p x

X t p x

dX t Xdt D X dB t

D x up u du
p x






  





   

  




  

 





Summary
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VARIANCE REDUCTION
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( ) 0

1

1 1

1

2

1

2 2

( )

Select 1 is an unbiased estimator

(

( 1 ( ) 0 0 ( ) 0

f X X
g x

n

i i
i

n n

i i F i
i i

n

i
i

n

i i
i

F

P p x dx I g x p x dx I g X

a I g X

a I g X P a

a

Var a Var I g X

I g X P g X P g X P
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2

2

1

1

1

2

1 1

Var (

Var (1 )

Select Var

is Minimized subject to 1.

(1 ) 1

0 2 (1 ) 0; 1,2, ,

2 (1 )

F F

n

i F F
i
n
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n

i
i

n n

i F F i
i i

k F F
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k
F F

I g X P P

a P P
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a
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F

5

7

5

P 1

11Coefficient of variation 

1 1  (for small )

Suppose 0.10& 10

Number of samples needed 10 .
Similarly, for 0.01, 10

Number of samples nee

F

F F

F

F
F

F F

F

F

P
n

P Pσζ  
m P n

P
ζ P

P n P n

P

n
P












 


 


  

  

 

 



Illustration

9ded 10 .n 
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(1 )(1) Variance of estimator =  is independent

of size of basic random variable vector .
(2) If this variance is large, the utility of estimator becomes 
questionable.
(3) It appears th

F FP P
n

X

 
 
 

Remarks

at, in order to reduce the variance of the estimator 
we need to increase sample size .
(4) Question: Can we reduce the variance of the estimator without
increasing ?

.

n

n
 Variance reduction techniques
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Var Θ

( ) 0

This is re-written as

( ) 0

where  is a valid pdf and satisfies the condition 

F X

X
F V

V

V

X

P I g x p x dx

I g x p x
P h x dx

h x

h x

p









 








Problem of variance reduction : how to reduce 
without increasing sample size?

   0 0.
 

Vx h x  
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( )  where 

( ) 0
( ) .

Expectation defined with respect to the pdf .

Note: at this stage the function  is yet undefined 
and needs to be suitably selected.

F V

X

V

F h

Vh

V

P F x h x dx

I g x p x
F x

h x

P F X

h x

h x





 




 

 





6565

     

   

 

i 1
1

1Let  where V  are drawn from .

We have shown that  is an unbiased estimator for  
which minimzes the sampling variance with the lowest 
sampling variance being

Var ( )
Var .

Var ( )

N
N

i Vi
i

F

J F V h x
N

J P

F V
J

N

F V












   
 

2
0

 X
F

V

I g V p V
P

h V
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We now select  such that Var ( )  
is minimized. Clearly if we select

0

it follows Var ( ) 0.
This would mean that even with one sample 
we will get the exact estimate of . 
The pdf 

V

X
V

F

F

V

h v F V

I g v p v
h v

P
F V

P
h v

  



 is called the 
. 

ideal
importance sampling density function (ispdf)


