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Summary of the previous lecture

Constrained optimization
Maximize or Minimize f(X)

Subject to (s.t.) g;(X) <0 j=1,2, ... m

e Function with equality constraints
Maximize or Minimize f(X)
Subject to (s.t.) g;(X) =0 j=1,2, ... m
e Direct substitution

Reduce the problem to an unconstrained problem by expressing
m variables in terms of the remaining (n — m) variables

« Lagrange multipliers

L= 1(X)- 24,0, (X)



Optimization: Methods of Calculus

Necessary condition: U
oL 4 . L= f(X)—Z/Ijgj(X)
—=0 1=1,2,.....n =1
OX.
oL

0 ]=1,2,....m

éMj The (n + m) simultaneous equations are
.. . solved to get a solution, (X™, 17) .
Sufficiency condition: J (X4

AL
T Ox OX. 1=1,2, ..... n
SRty
_ 09, (X) .
di =75 j=1,2,....m

| X*



Optimization using Calculus

Sufficiency condition:

n terms m terms
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Optimization using Calculus

Leads to a polynomial in Z of the order (n —m)
Solve for Z

If all Z values are positive ..... X* corresponds to
minimum

If all Z values are negative ..... X* corresponds to
maximum

If some values are positive and some are negative ...

IS helther a minimum nor a maximum.

X*



Example — 1

Maximize the function,
f(X)=—x>—x2
S.1.
X +X,=4
Solution:
Let
g(X) =x;+x,—-4=0
The Lagrange function is

L=-Xx =% —A(X +X,—4)



Example — 1 (Contd.)

Necessary condition: at stationary point,

OX, OX, oA
5_L:0; 2%, - A =0 L=—x =% —A(% +X,—4)
OX
OX,
oL

— =0 —(x+x,-4)=0



Example — 1 (Contd.)

Solving the equations,

A
-2x,—-4A=0 — Xlz_E
A
-2x,-4=0 — XfZ—E
A A
—(X, +x,—4)=0 —| === 41=0

Therefore,

X, =2, X,=2



Example — 1 (Contd.)

Sufficiency condition:
D|=0

L11_Z L12 011
‘D‘: L,, L, —Z 0p,|=0

0., 0. 0

L L=—x =X —A(% +X,—4)
—=-2X—-1
2
o°L o°L
L= s =2 L



oL

OX,

Example — 1 (Contd.)

—=-2X,— A
o°L o°L
a2 L, = =
OX; OX,0X,
g(X) = x;+x,— 4
0 0
a9 =1 12 __g =1



Example — 1 (Contd.)

-2-Z 0 1
D= 0 -2-Z 1/=0
1 1 0
2 +4=0
7 =-2 only one root

As the root is negative, the stationary point X=(2,2)
IS a local maximum of f(X) and f__.(X) =8



Example — 2

Minimize the function

f(X):%[xf+x§+x§]

S.t.

X, —%, =0

X, + X, +X% =1
Solution:

Let g,(X)=%x-x,=0
g,(X)=%X+X,+%X,-1=0

Exercise problem no.2.49 from “Engineering and optimization-theory and practice” by
Singiresu S. Rao, 1996, John Wiley & Sons



Example — 2 (Contd.)

Lagrange function is

L=%(xf+x22+x32)+/11(x1—x2)+/12(x1+x2+x3—1)

Necessary condition:

Lo v o
OX,;
oL =0 vV o]

o2,



Example — 2 (Contd.)

L:%(xf+x22+x§)+ﬂ1(x1—x2)+/12(x1+x2+x3—1)

5—L=o; X, +4+4,=0 oL

OX (9_)(3 0; X3+ 4, =0
oL
—_— = O, X, — + A, =0
@XZ 2 ﬂ’l 2
oL . )
JZO’ X =X, =0 Original
> constraint
oL .
—— =0; X, +X, +%—1=0 equations
oA,

~/



Example — 2 (Contd.)

X +A4+4,=0
X, —A4+4,=0 _
S equations,

X +X%+%-1=0+ 5 nknowns

X, +4, =0

X, — X, =0

Solving the equations,
1 1 1 1

X, =—; X, =—; X;=—; A,=——; =0
1 3 2 3 3 3 2 3 ﬂl
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Example — 2 (Contd.)

Sufficiency condition:

L11 -Z L12 L13 01 92

L21 L22 —Z L23 O 92
‘D‘: Ly Ly, Li;—Z 013 0y(=0
01, 01, g9, 0 0
921 921 U2 0 0

oL
—=X+A4+A
o Rt
o°L o°L o°L
E o e OXOX, b OXOX,



Example — 2 (Contd.)

oL
—=X,—-A4 +4
axz 2 ﬂl 2
o°L o°L o°L
|_21:a :O . L22 :—2:1 ; L23: =
X, 0%, ) OX, 0%,
oL
— =X+ 4,
X3
o°L o°L o°L
X30% OX40X, OX;



Example — 2 (Contd.)

gl(x) =X =X =
09, . 09,
=—==1 —~ =1
gll axl g12 axz

J,(X)=X+X,+X—-1=0

o9,

09,
- B g _9%2 4
ox, J,,

921 T,

g,
_—:O
13 ax3
9,
O = %2 =1



Example — 2 (Contd.)

-z 0 0 1 1

0 1-z 0 -11
D=0 0 1-Z 0 1/=0

1 -1 0 00

1 1 1 00

This is a polynomial in Z of the order (n —m)
=(3-2)
=1

6(1-2)=0

/=1 >0



Example — 2 (Contd.)

As the root is positive, the stationary point

IS a local minimum of f(X)

><>(-
ONPONPN

and T (X)= 5[+ 4]
BESEE]

1
6



Kuhn — Tucker Conditions



Optimization: Methods of Calculus

Minimize f(X)
S.t.
gi(X) <0 ji=1,2, ....m

Kuhn — Tucker conditions:

Get (n+m) equations 2,1 & 1 9 ]
and solve 7 OX y Ly weens
\ljg‘:o j=1,2,....m
< —
Check for valldity{ gl <0 J=1,2,....m
and 4,20 ]=1,2,....m



