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Some Optimization Formulations

Let H be a symmetric positive definite matrix.
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Some Optimization Methods

o Lagrange Methods
@ Penalty and Barrier Function Methods
@ Cutting-Plane Methods
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Lagrange Methods

@ Quadratic Program with Linear Equality Constraints

min  3x"Hx +¢’x
st. alx=b;, i€&

where H is a symmetric positive definite matrix.

or
min 1x"Hx + ¢"x
s.t. Ax=b

where A € R™*" and rank(A) = m.
First order necessary and sufficient conditions:

T —
Hx + :x)i 41—) c=0 } (n+ m) equations in (n 4+ m) unknowns
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Hx +A"™ X +¢ = 0
Ax = b

x=—-H"'"A"X+¢)
. —AH (A" X +¢)=b
" A=—(AH'A")"Y(AH 'c +b)

Using this value of A,

x=-H'I-A"AH 'A"Y'"AH e + H'A"(AH'A")"'b
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Example:

min  1[(x; — 3)* + (x2 — 2)]

s.t. X +xp = 1

X

‘G2

X;+x,=1

o 1,0 X
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Example:
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Example:

min Zx% + x1x —i—x% — 12x; — 10x,
S.t. X1 +x2 = 4
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@ Quadratic Program with Linear Equality and Inequality
Constraints

min  1x"Hx +c'x
st. alx=0b;, i€&
alx<b, i€l

where H is a symmetric positive definite matrix.

Each step of an active set algorithm:

e Given x*, a feasible point at k—th iteration, define the
working set, Wk as,

WE=€eu{ieT: alx=0b}

e Find a descent direction, d*, w.r.t. W*
o x*! = xk + ofd* where of >0
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Given a feasible point x* and W*, find d* by solving the
problem:

min ld"Hd +g"'d
st. ald=0, i Wk

where g¢ = Hx* +c.

o If d*=0

o xFis optimal w.r.t. W

o Checkif \; >0, icZnN WK
o Drop a constraint, if necessary, to form W*+!
o If d*#£0
o Find the step length of such that x**! is feasible w.r.t.
EUT
o Add a constraint, if necessary, to form W+!
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Example:

G2)
min  [(x; — 3)* + (x2 — 2)?]
S.t. —x1+x <0
X +x <1
—x <0

v

o H=(}9), c=(-3,-2) - —.

(1) Letx’ = 0.
o g =Hx"+c=c
o WY ={1,3}
e Solution of Quadratic Program associated with W?:
=0
o A= (-3,-57
o Suppose W' = {1} (constraint 3 is dropped)
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3.2

min  [(x; — 3)* + (x2 — 2)?]
s.t. —x1+x <0
X1 + X S 1
—X2 S 0

2) x' =0.
o g'=Hx"t+c=c¢
o W!=1{1}
e Solution of Quadratic Program associated with W':

4= (33
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3.2

min %[(xl —3)? + (2 — 2)?]
S.t. —x1+x <0
x1+x <1
—X2 S 0

2) x' =0.
g'=Hx+c=c
o W!'=1{1}
Solution of Quadratic Program associated with W':
a= (3.3
o a'=1= x2=(3,3)T (not feasible)
L1 o 52— (% %)
5 272
={1,2} (constraint 2 is added)

=R
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X

min  3[(x; — 3)* + (x2 — 2)7] Xt x=1
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o W2 =1{1,2}

Solution of Quadratic Program associated with W?:
=0

A= (7%’2)T

W? = {2} (constraint 1 is removed)
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X

X tx,=1

min %[(xl — 3)2 + (% — 2)2]
S.t. —x1+x <0

xi+x <1 .-

—X2 S 0 .

4 x* = (3,3)"
o g2 =Hx’+c= (—%, —%)T
o W3 = {2}
e Solution of Quadratic Program associated with w3:
d3 — (l _l)T
2072
o x* =x3 +d* = (1,0)7 (feasible point)
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X

min  3[(x; — 3)* + (x2 — 2)7] 551
S.t —x1+x <0
X +x <1 SR}
I's
—X2 S 0
) ¥ = (3,3
o g =HOte= (53
o W3=1{2}
e Solution of Quadratic Program associated with W3:
&’ = (1 l)T
o xt=x +d3 (1,0)T (feasible point)
o A=2
= (1, O)T
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Example:

min 3x7 + x5 — 3x; — 4x
S.t. —2x1+x <0

x+x <4

2x,=x,

—XZSO

°H:((l)(z))v c:(_37_4)T

(1) Letx® = 0.
o g2 =Hx"+c=c
o WY={1,3}

e Solution of Quadratic Program associated with W?:

d" =0
L A=l
o Suppose W' = {1} (constraint 3 is dropped)
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X

2x,=x,
min %x% + x5 — 3x; — 4x, Nt s
S.t. —2x1+x <0
X +x <4 :

5 <0 Y S

2) x' =0.

g =Hx"+c=c

o Wl={1}

Solution of Quadratic Program associated with W'
@ = (4.3

sal=1= x*= (% %)T (feasible)

° >\ =-§

° = ¢ (constraint 1 is removed)
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12 2
min  5x7 + x5 — 3x; — 4x

s.t. —2x1+x <0
X1 +x <4
—X2 S 0 )
2 (L 2
3) x*=(5.3)"
W2 =¢

%

X tx,=4

o
o Solution of Quadratic Program (unconstrained)
3
x

= (3,2)" (not feasible)
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min
S.t.

%x% + x5 — 3x; — 4x,
—2x1 + X < 0
x+x <4

olution of Quadratic Program (unconstrained)

3 = (3,2)7 (not feasible)

X
&= (55
At g

e
o W2 = {2} (constraint
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min 3x} +x3 — 3x; — 4x,
S.t. —2x1 +x <0
X1 +x <4
—x <0

o W2 = 10}

e Solution of Quadratic Program (unconstrained)
x3 = (3,2)7 (not feasible)

= (55

o o’ =1 = x3=(3,3)" (feasible)

o W2 = {2} (constraint 2 is added)
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min 1x} +x3 — 3x; — 4x
S.t. —2x1 +x <0
X1 +x <4
—x; <0

@ x* =3,

g3 = Hx 3+C:(*%,
o W3 ={2}

Solution of Quadratic Program associated with W?:
=3, 3)

x*=x3+d® = (3,3)7 (feasible point)

W

)T
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min 2x1 + x5 — 3x; — 4x,
S.t. —2x1+x <0
xX1+x <4

Hx®+c=(-%3)T

° g
o W3=1{2}
e Solution of Quadratic Program associated with W?:
d3 _ (2 _7)T
37
o x* = x —|—d3 = (3, 3) (feasible point)
("] A = §
v = (13
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@ Quadratic Program with Linear Equality and Inequality
Constraints (QP-LC)

min  1x"Hx + ¢’x
st. alx=b;, i€f
alx<b, i€l

where H is a symmetric positive definite matrix.

Given a feasible point x* and W*, find d* by solving the
problem (QP-SUB):

ming %dTHd +ngd _ ming %dTHd + ngd

st.  ald=0, ieWt = st Apd=0

where g¢ = Hx* +cand Aj; = (...,a;,...),i € WF.
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Active Set Method (to solve QP-LC)

(1) Input: H,c,&, 7
(2) Initialize x°, W°, set k = 0, StopFlag = 0
(3) while (StopFlag # 1)
(a) Find Ay« and solve the corresponding QP-SUB to get dr
(b) if d*==0
o A=—(AH 'A")"Y(AH ¢ +b)
o I =TnNWk Ag = min;3 A;
o if \, > 0,set StopFlag = 1else W' = W\ {q}
else .
o temp = min im0 (L), p = argming g (2o
e ot = min(temp,1),x 1 =x* + ofd*
o if temp < 1, Wt = Wk u {p}
endif
(c) if StopFlag == 0, set k := k + 1 endif
endwhile

Output : x* = x*
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x;+x,=4
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