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Barrier and Penalty Methods

Consider the problem:

min  f(x)
st. xeX

where X € R".
Idea:

@ Approximation by an unconstrained problem
@ Solve a sequence of unconstrained optimization problems

Penalty Methods
Penalize for violating a constraint J

Barrier Methods
Penalize for reaching the boundary of an inequality constraint J
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min  f(x)
st. xeX

Define a function,

0 ifxeX
¢(x):{ +oo ifx ¢ X

Solve an equivalent unconstrained problem:
min f(x) + 1 (x)

@ Not a practical approach

@ Replace v (x) by a sequence of continuous non-negative
functions that approach (x)

Shirish Shevade Numerical Optimization



Penalty Methods

min  f(x)
s.it. xeX

@ Let x* be a local minimum

o Let X={hi(x)<0,j=1,...,1}

@ Define 1

Plx) = 5 D Imax(0, yx)P
=1
@ Define g(x,c) = f(x) + cP(x)
@ Define a sequence {c*} such that ¢* > 0and ' > ¢
Y k.
o Let x* = argmin, ¢(x,c")
o Ideally, {x*} —x*as {c} — 40
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Nonlinear Program (NLP)

Define

and

q(x,c) =f(x) + cP(x).

o Assumption: f,h;’s and e;’s are sufficiently smooth
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Lemma

If x* = argminy. g(x,c") and &' > X, then
° q(xk,ck) S q(ka,CkH)
o P(x*) > P(x*t1)
o f(x) < f(x).

Proof.

q(xk—i-l Ck—H) — ka+1)+ck+lp(xk+l)

—~

> f(xk+1) 4 ckP(xk+l)

> f(") + P

- Q(xkack)
Also, f(x*) + *P(x*) < (&) + PR L (1)
f(xk+l) + Ck+lp(xk+l) Sf(xk) 4+ ck“P(x"). (2)

Adding (1) and (2), we get P(x*) > P(x*).
O + AP > f(x) + FPEE) = f) > f(xF) O
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Lemma
Let x* be a solution to the problem,

min f(x)
s.t. xeX. '“(Pl)

Then, for each k, f(x*) < f(x*).

Proof.
f(&) + P
fx) + EPx") = f(x")

f(x)

IA A

Theorem

Any limit point of the sequence, {x*} generated by the penalty
method is a solution to the problem (P1).
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Nonlinear Program (NLP)

Penalty Function Method (to solve NLP)

(1) Input: {*},,, €
(2) Set k := 0, initialize x*
(3) while (g(x*,c*) —f(x*)) > €
(a) x**1 = argmin, g(x, cf)
(b) k:=k+1
endwhile
Output : x* = xf
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Example:
min  3[(x; — 3)* + (x, — 2)]

S.t. —x1+x <0
x1+x <1
—XQSO
x* = (1,0)7
X
32
x;+x,=1
-——-2 ST EE R
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min %[(xl —3)? + (2 — 2)?]
S.t. —x1+x <0
X1+ X S 1
—X) S 0

al,€) = 510 = 3+ (2 = 2]+ S [(max(0, 31 + 1))

+(max (0, x; + x; — 1))* + (max(0, —x;))?]

e Letx? = (3,2)" (Violates the constraint x; +x, < 1)
e Atx?,

e, 0) = 3l(v =3+ (0~ 2]+ 5[0+~ 1)

o V. qlx,c) =0 = xl(c) = < s ) — x*(c)

2¢+1
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min  1[(x; — 3)? + (x2 — 2)]
S.t —X] + X S 0
X1 +x < 1
—X7 S 0

o Atx® = (3,2)7,

gloe,€) = 510 =3+ (5 = 2]+ Sl = 1))

o V.q(x,c)=0 = x'(c) = < ii—; ) = x*(c)

2c+1
@ Taking limitas ¢ — oo, x* = (1,0)7
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Consider the problem,

(x)

o Let (x*,u*)bea KK pog 2(:
@ Penalty Function: g(x,c) = f(x
@ As ¢ — o0, ¢q(x,c) =f(x)

min

KH

F) + 177 ex) = 0)
)+c

P(x)

Consider the perturbed problem,
min  f(x)
s.t. e(x) =146

and the penalty function,
gx,c) = f(x)+c(e(x) —0)?

= f(x) — 2che(x) + ce(x)* (ignoring constant term)

= f(x) + pe(x) +ce(x)?

—
L£(x, )
= L(x,1,¢) (Augmented Lagrangian Function)
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A

At (x*, p1*), Vo L(x*, p ) Vf(x*) 4+ u*Ve(x*) = 0.

S Veg(xte) = V. L(x",ut, c)
= V, L(x", ")+ 2ce(x*)V e(x™)
= 0 Ve

Q. How to get an estimate of 1*?
Let x} be a minimizer of L(x, y, ¢). Therefore,

Vi L(xg pye) = V(D) + pVe(x;) + ce(x;)V e(x;) =0
VD) = = (pce(x))) Voe(x))

estimate of
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Program (EP)

min  f(x)
s.t. e(x)=0

Augmented Lagrangian Method (to solve EP)

(1) Input: c, e
(2) Set k := 0, initialize x*, p*
(3) while (£(x*, 15, c) —f(x*)) > €
(a) xM! = argmin, L£(xK, ¥, c)
(b) pH! = pf o ce(x¥)
© ki=k+1
endwhile
Output : x* = x*
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Nonlinear Program (NLP)

min f(x)
st h(x)<0,j=1,...,1
e(x)=0,i=1,...,m

v

@ Easy to extend the Augmented Lagrangian Method to NLP

@ Rewrite the inequality constraint, A(x) < 0 as an equality
constraint,
h(x)+y* =0

Shirish Shevade Numerical Optimization



Barrier Methods

e Typically applicable to inequality constrained problems

min f(x)
st. hi(x) <0,j=1,...,1

Let X ={x:hx)<0,j=1,...,0}

@ Some Barrier functions (defined on the interior of X)

B = -3 b o B = - > tog(-10)

@ Approximate problem using Barrier function (for ¢ > 0)
min  f(x) + 1B(x)
s.t. x € Interior of X

Shirish Shevade Numerical Optimization



Cutting-Plane Methods
Primal Problem

Dual Problem
min f(x)
st. h(x)<0,j=1,...,1 max (X, )
e(x)=0,i=1,...,m st.A>0
xeX

X 1s a compact set.
Dual Function: z = O(\, ) = miney f(x) + X h(x) + p’e(x)
Equivalent Dual problem

max z
Zy A
st 2 <f(x) +ATh(x) + pTe(x), xeX
A>0

Linear Program with infinite constraints
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Equivalent Dual problem

max F4
LA
st. 2 <f(x) +ATh(x) + pule(x), xeX
A>0

Idea: Solve an approximate dual problem.
Suppose we know {x/ };:01 such that

2 <f(x) + Ah(x) + ple(x), x e {x% ... x"}

Approximate Dual Problem

max z
2,4\
st. 2 <f(x) +ATh(x) + ple(x), x € {x° ... x*1}
A>0

Let (Z¢, A%, *) be the optimal solution to this problem.
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Approximate Dual Problem

max z
2oy A
st. 2 <f(x) +ATh(x) + ple(x), x € {x0 ... x1}
A>0

v

If ¢ < f(x) + N h(x) + pt e(x) Vx € X, then (25, A, i) is
the solution to the dual problem.

Q. How to check if zF < f(x) + A h(x) + pt e(x) ¥V x € X?
Consider the problem,

min £(x) + X h(x) + pt e(x)
s.t. xeX

and let x* be an optimal solution to this problem.
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min  £(x) + A h(x) + pt e(x)
s.t. xeX

and let x* be an optimal solution to this problem.
o If £ < f(x*) + N h(xk) + p"e(x%), then (AF, p*) is an
optimal solution to the Lagrangian dual problem.
o If 2 > f(x*) + A h(x*) + " e(x*), then add the
constraint, z < f(x%) + ATh(x*) + u”e(x*) to the
approximate dual problem.
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Nonlinear Program (NLP)
min f(x)
st hi(x) <0,j=1,...,1
e(x)=0,i=1,...,m
xeX
Summary of steps for Cutting-Plane Method:
o Initialize with a feasible point x°
@ while stopping condition is not satisfied

argmax_, , 2
(X ) = stz <FW) + Ah(d) + ple(x), j=0,... . k=1
A>0

o = argmin, f(@) + X h(x) + pte(x)
xeX

Stop if ¥ < £(xX) + N h(x*) + pt”e(x*). Else, k =k -+ 1.
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