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Coordinate Descent Method

Consider the problem,

min f(x
in £(x)
where f : R" — R, f € Cl.
Idea :
@ For every coordinate variable x;,i = 1, ..., n, minimize

f(x) w.r.t. x;, keeping the other coordinate variables
X;, j # i constant.

© Repeat the procedure in step 1 until some stopping
condition is satisfied.
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Coordinate Descent Method

(1) Initialize x*, € , set k := 0.
(2) while ||gF|| > €

fori=1,...,n
X' = arg min,, f(x)
xp = x;"
endfor
endwhile

Output : x* = x*, a stationary point of f(x).

@ Globally convergent method if a search along any
coordinate direction yields a unique minimum point
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Example: Consider the problem,
rr31rin f(x) = 47 + x5

We use coordinate descent method with exact line search to
solve this problem.

o x'=(—-1,-1)"
o Let d° = (1,0)7
o x' = x% 4+ ad” where

o’ = argmmqbo( ) Af( + ad")
e ¢o(a) = (x(‘) dg) =4(a—1)72+1

f
o ¢p(a)=0 = =1 = x'=(0,-1)T
1

o d =(0,1), ¥ =x' +ald', o' = argmin, ¢,(a)
f(ozgl> =(a—1) = o' =1 = x*=(0,0) =
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rr;}n fx) 2 457 + 1,

For the above problem,

@ Moving along coordinate directions and using exact lines
search gives the solution in at most two steps.

@ Same result is obtained even if d° and d' are interchanged.
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Example: Consider the problem,
n}cin f(x) 2 4xt + 25 — 2x1X,

We use coordinate descent method with exact line search to
solve this problem.
o x'=(—-1,-1)
o Let d° = (1,0)7
o x! = x% + a°d’ where
o’ = arg min ¢y(a) éf(x0 + ad)
0 o\ ¢
_ X +toad)\ Y _
° pola) =f (xg—i-ozdg) =4a—1)+14+2(a—1)
o p(a)=0 = =2 = x' = (-1, 1)
o d =(0,1)7, x> =x'+ald', o' =argmin, ¢,(a) 2
- a—1 1 3
f(a—l) :(Oé—l)z—l—T—i—Z = OzIZZ = x’ =

(_4117 74171)T 7é x*
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e Example 1:

n}gn filx) £ 4x; + 2

_ (80
o H=(53). N
e x*, attained in at most two steps using coordinate descent
method

o Example 2:

n}cin H(x) = 4xt + x5 — 2x1x%,

_ (8 -2
o H=(57).
e x™, could not be attained in two steps using coordinate
descent method (if x° is not on one of the principal axes of

the elliptical contours)
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Consider the problem:

. él T T
min flx)= o Hx +c'x

where H is a symmetric positive definite matrix.

o Let {d",d"',... ,d"'} be aset of linearly independent
directions and x° € R”
@ Any x € R" can be represented as

n—1
x=x"+ E o'd
i=0

o Given {d",d",... d" '} and x° € R", the given problem is
to minimize V() defined as,

n—1 T n—1 n—1
3 (xo + E o/d’) H (xo + g a’d’) +cT (xo + E a’d’>
i—0 i—0

i=0
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Define D = (d°|d'|...|d" ") and o = (a®, 0!, ..., " ").

1 1
V(a) =o' D'"HD o + (Hx" + ¢)"Da + ExoTHx0 + %’

2 J/
Q c'()n:;(mt
d"H "Hd .. d"Hd!
0 D'HD d'Hd d"Hd' ... d"Hd!
& VHE a—""Hd' ... &V Hd!

0 will be diagonal matrix if & Hd& = 0, Vi # j.
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Letd Hd =0, Vi #].

dHS 0 .. 0
0 D'HD - 0 d"Hd' .. 0
0 0 ... dV"Ha!
Therefore,

= d Hd
/ 0 otherwise

V() = 1 +Za’d’TH +Za’d’ +cx+Zoz’d’

1 o . .
=3 Z [(xO + o'd") H(x0 +a'd') + 2" (x° + oz’d’)} + constant
e V(a) is separable in terms of o, o, ... o~}
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V(a) == Z [(x0 + od) H(x + o/d’) + 2" (x° + ozidi)]

2 i
T
W oy g = X Te)
daf d" Hd'
Therefore,
n—1
x=x'+) o'd
i=0
Definition

Let H € R™" be a symmetric matrix. The vectors
{d°,d',... d"'} are said to be H-conjugate if they are linearly
independent and d"Hd =0V i # J.

Shirish Shevade Numerical Optimization



Example: Consider the problem,

n}cin fx) 2 4xt + 25 — 2x12,

oH=(%7)

o x'=(-1,-1)

o Let d” = (1,0)

o x! = x% + a%d’ where

a” = argmin go(a) = f(x” + ad’)

0
e ¢pola)=f ()éigjé) =4(a—1P+1+2(a—1)

° ¢y(a) =0 = ozozi = x! :(—%,—I)T

@ Choose a non-zero direction d' such that d 1THdO =0
o Letd' = (a,b)". Therefore,
(ab)(%F7)(5)=0=8a-2b=0
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o Letd' = (1,4)7,

o x2 =x! + o'd" where

1N 3
ol = argmain¢1(a) éf <4O; _41) = 4_1(4a _ 1)2

o ¢f(a)=0 = o' =1

o x> =x'+ald' =(0,0)" =x*

A convex quadratic function can be minimized in, at most, n
steps, provided we search along conjugate directions of the
Hessian matrix.

Given H, does a set of H-conjugate vectors exist? If yes, how to
get a set of such vectors?
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Conjugate Directions

Let H € R™" be a symmetric matrix.

@ Do there exist n conjugate directions w.r.t H?
H is symmetric = H has n mutually orthogonal
eigenvectors.
Let v, and v, be two orthogonal eigenvectors of H.
VITVQ =0.

Hv, =\, = viHv, = \viv,
= v Hv, =0
= v, and v, are H-conjugate

.. n orthogonal eigenvectors of H are H-conjugate.
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Conjugate Directions

o Let H be a symmetric positive definite matrix and
d’.d',....d"! be nonzero directions such that

d"Hd =0, i #j.

Ared’.d', ... d"' linearly independent?

n—1 n—1
Zﬂidizo = ZuidjTHdi:Oforeveryj:O,...,n—1
i=0 i=0
(d Hd =0
= 4/ =0 foreveryj=0,...,n—1

= d°d',...,d"" arelinearly independent
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Conjugate Directions

Geometric Interpretation:
Consider the problem:

.1 . . . .
min ExTHx + ch, H symmetric positive definite matrix.
XeR

Let x* be the solution. .-. Hx* = —c.
Let x° be any initial point. g° = Hx° + ¢
Let d° be some direction (d° # 0).
x! is found by doing exact line search along d°. -, ngdO =0.
g' = Hx'+ec.
(x* —x"Y'Hd" = (Hx* - Hx")"d"
_ ng d°
=0

Therefore, the direction (x* — x') is H conjugate to d".
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Consider the problem:

. al . . : .
min flx) = ExTHx—Fch, H symmetric positive definite matrix.

Let d°,d',....d""" be H-conjugate. -d’,d",... d" " are
linearly independent.

Let B* denote the subspace spanned by d°,d', ... .d“".
Clearly, B* ¢ B!,

Let x° € R” be any arbitrary point.

Let x**! = x* + o*d* where o* is obtained by doing exact line
search:

of = argmin  f(x* + ad")

Claim:

x* = argminy f(x)

s.t. xex?4 Bk
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Exact line search:

of = arg miﬂr{; fx* + ad)
aE

Therefore,

Vi(x +o/‘dk)Td" o;»ngTdk OVk=0,...,n—1
k_ k-1 1 gk—1 i gi c_

xk=x1 4+ ot ld xJ+Zi:j kf{ (j=0,...,k—1)

S Hxf+¢ = Hx’+c+Zo/Hdi
=
k—1
gk — g’+Za‘Hdl
=j
k—1

ngdJ'*I — g/Td/*I + z:o/diTHd’;1 =0
i=j
Therefore, g* d’*OV]—O ..... k—1 orgh L B
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Note that forevery j =0,...,n — 1,

of = argngn f(x + od)

LS+ dld) < f(+d), R
W)+ ol @ S0P < f() g d L Ha

We need to show that f(x*) < f(x) Vx € x* + B* or

—i—Za/df < f(x +Z/ﬂdf W ERVY].

That is, J=0
k—1 1 k=1 1
FEOHY (g o’ d HE) < f(°)+> (1" a2 1 HaY)
j=0 2 =0 ?

where 1/ € RV .
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Foreveryjzo... n—1,
f(x )+o/g/d’+ aJd’de < )+ g d + Mdedf
Suppose g/'d =g d vV j

g d + 5oﬁdfTde < g"d + %ufzdfTHd’ v

Therefore,
k—1 r 1
(/g & a’dJTHJ< T Hd
+]§O: g d 3 &) < fx° Z g" d+2y d Hd'
k—1 —
SE DY o) < fO ) D pd), i eRV
j=0 i=0

@) < flx), Vxex+B*
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We need to show that
dd=g"d vj
Consider, ¥’ = x° + /- o'd".

j—1

S Hx +¢ = Hx0+c+Zo/Hdi
i=0
j—1
g] _ g0+zaini
i=0
j—1
'l = g+ od"H
i—0

cgd = g'd v
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Expanding Subspace Theorem

Consider the problem to minimize f(x) £ %xTHx +¢’x where

H is symmetric positive definite matrix. Letd®, d', ..., d" ' be
H-conjugate and let x° € R” be any initial point. Let

ok = argmilgf(xk—i—adk), Vk=0,....n—1
ae

and ¥l =xt 4 ofdt Vk=0,... . n—1.
Then, forall k=0,...,n—1,

Q¢ 'd=0j=0, .k

o ngdk:gOTdk

o

= arg min f(x)

s.t. x x4+ B
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Given a set of n directions, d°,d"', ...,d"~' which are
H-conjugate and x° € R”, it is easy to determine
o Vi=0,...,n—1,
T
s d (Hx" +c)
T dHd
and get

n—1

e

x* :xO + E al dl
i=0

@ How do we construct the H-conjugate directions,
d.d,. . . .da"

@ Given the H-conjugate directions, d.d,. .. ,dk_l, how do
we determine o where

¥ =argmin f(x* 4 ad")?
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n—1
x* _xO — Zaidi

i=0
kT * 0 k gkT py gk
~d H(x"—x")=d"d Hd
e dkTH(x* —x%)

T T R

Suppose that after k iterative steps and obtaining k H-conjugate
directions,
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Given, dkTH(xk —x% =0,

L d" H(x* — x* + x* — x°)
d“" Hd"

d"" (Hx* — Hx")

d“" Hd"*
d"" (—c — Hx")

d*" Hd*

ng dk

 d"Hd

Therefore,
kT d
O ol
d" Hd"
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Suppose {—g°, —g',..., —g"" '} is a linearly independent set of
vectors.
Use Gram-Schmidt procedure to determine the H-conjugate
vectors, d’,d", ... d"".
o Letd’ = —g°
@ In general,
k—1

d'=—g'+> pd, k=1,....n-1
=0

But we wantd®, d', ... d"' to be H-conjugate vectors.
k—1
d'Hd" = —d"Hg'+> Fd'Hd, i=0,... k-1
j=0
0 = —d"Hg" +pd"Hd, i=0,.. . k-1
. g Hd'
B = T
d Hd'
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k—1 KT i
Hd :
i - _gk+z<g )df

S \d'Hd
We now need to show that {—g° —g',... —g" '} is a linearly
independent set of vectors.
Note that
span{d’,d"',... . d'} = span{—g°, —g', ... —g" '}

We have already shown that

{d°,d',... d "} are H-conjugate = g* | B
o, —g" Lspan{d®,d',... d" "}
o, —g° Lspan{—g° —g' ..., —g""}

Therefore, {—g°, —g', ..., —g" '} is a linearly independent set
of vectors.
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Now, consider

dO — _gO
k—1 T i
HE\
@ = ¢+ (5 ) d vk=1,...n—1
“\d"Hd
W
/3/

Note that ¥'*! = ¥/ 4+ o/d’ and g/*' = g/ + o/Hd'.
Therefore,

1, . ‘
— (" - ¢)
Thus,
ko k g g’“ g’) '
d = g+z<dl gm_g]))d’

k 8 8 k—1
= —& + d
(d"_lT(g" — g"“))
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Due to exact line search, g"Tdk_1 =0.

d-! — _gkfl T
_dkfngk—] :gk—ngk—l +6k—2gk—lek72

Therefore,

T
gg

k ok
d=-g +gk71Tgk71

Fletcher-Reeves method
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Conjugate Gradient Algorithm (Fletcher-Reeves)

For Quadratic function, 1x"Hx + ¢"x, H symmetric positive
definite

(1) Initialize x°, ¢,d” = —g° , set k := 0.
(2) while ||g"|| > €
kT gk
@ ot = £ 0
(b) x*H1 =xk + akd*
(c) gt = Hx"' +¢
(d) IBk _ gk+ngk+|

kTgk
(C) dk+1 — _gk+1 _|_ﬁkdk
) ki=k+1

endwhile
Output : x* = x*, global minimum of f(x).
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Example:

min f(x)

Conjugate Gradient algorithm (Fletcher-Reeves) with exact line
search applied to f(x)
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Example:

min f(x)

Conjugate Gradient algorithm (Fletcher-Reeves) with exact line
search applied to f(x)
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Extension to Nonquadratic function, f(x):

Conjugate Gradient Algorithm (Fletcher-Reeves)

(1) Initialize x°, ¢, d” = —g° , set k := 0.
(2) while ||gt|| > €
(a) of = argming~o f(x* + ad’)
(b) x*1 = xk + otd*
(c) Compute gtt!
dif k<n—1
o ﬂk _ gk+ITgk+l

kT gk

° dk+] — _gk+1 +/6kdk
e ki=k-+1

else
o x0 — yktl
o d’ = —ght!
e k=0

endif

endwhile

Output : x* =x

0

k_a stationary point of f(x).
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3% Determination

@ Fletcher-Reeves method

T
g = g
FR — gh—1Tgh—1
@ Polak-Ribiere method
T _
g 8 (g -2
PR gk—ngk—l

@ Hestenes-Steifel method

kT

g o~ 8 (8" —g")
B (g — gt )T
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Bros =B+ (1 + 7TB7) LN (57TB il 375T>

o'y ) &'~ B o'y
Memoryless BFGS iteration

7T’y) 567 (5’7T —i—"ydT)

BII;FGS =1+ (1 +

o'~y ) 8"~ a Y
With exact line search, ék_ngk — o/‘_ldk_ng" = 0. Therefore,
5v'g" g — g
K pk ok ok ok k-1
dgres = —Bpros8 = —8 + 5Ty —& + (g — gt 1)id"

3k
e‘*gHs
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For nonquadratic function, f(x):

Conjugate Gradient Algorithm (Fletcher-Reeves)

(1) Initialize x°, ¢, d” = —g° , set k := 0.
(2) while ||gt|| > €
(a) of = argming~o f(x* + ad’)
(b) x*1 = xk + otd*
(c) Compute gtt!
dif k<n—1
o ﬂk _ gk+ITgk+l

kT gk

° dk+] — _gk+1 +/6kdk
e ki=k-+1

else
o x0 — yktl
o d’ = —ght!
e k=0

endif

endwhile

Output : x* =x

0

k_a stationary point of f(x).
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