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Newton Method

Consider the problem,

min f(x)
@ Let f € C? and f be bounded below.

@ Newton method uses quadratic approximation of f at a
given point, x*

7)) = 10) + 8T (e — ) 5 — ) H (e — o)

k

o x**!is the minimizer of f;(x)

@ What is the region of trust in which this approximation is
reliable?
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Trust-Region Method

@ Given AF > 0, let the region of trust be Q* where
Qf = {x: |x — x| < A%}
@ Solve the following constrained problem to get x**!:

min  f%(x)
st. xeQf

@ How to determine Q**! ( or A¥1)? Can use the actual and
predicted reduction in f
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Trust-Region Method

Algorithm to determine A*"! and R*

(1) Given AF xk x*+!
b S/
(2) R - fé{(xk)_f‘;((xk"’l)
(3) if R* < 0.25
A — ||xk+1 _xk||/4

else if R > 0.75 and ||x* — xk|| == A*
AR = 2 AK

else
AkJrl — Ak

endif

Output : A Rk
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Modified Newton Algorithm (based on Trust Region)

(1) Initialize x°, ¢ and A, set k := 0.
(2) while ||gt|| > €
(a) XM = argmingcor 5 (x)
(b) Determine AFt! Rk
(c) IfRF <0, k! = xk
d k:=k+1
endwhile

Output : x* = x*, a stationary point of f(x).
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Quasi-Newton Methods
Consider the problem,
min f(x),

where f : R" — R, f € C.
e Let feC2
e Newton method:

F) = £5) = ) + 8 ( — 6% + 2 — 2)THA e — o)

2
o Newton direction: df, = —(H*)"!g*
e Given f € C', form a quadratic model of f at x*:
1

yulx) =) + 8" (=) S (e —)B (6 - o)

where B* is a symmetric positive definite matrix.
@ Quasi-Newton direction: deN = —Bfg
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Quasi-Newton Methods
1 _
() =)+ (e =2+ S0 = 2B (')

1. . : o

e (B*)  is either H* or its approximation

o Xt = xk+ okdjyy = x* — ofB'gr

e Given x*, x*! g* ¢! and B*, how to update B to get a
symmetric positive definite matrix B*™'?

o Is B*~ (H")"?

o Are there any conditions that B“"! should satisfy?
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Given x**!, we construct a quadratic approximation of f at x**!:

l(x k+1) (Bk+l) (x_xk—l—])

yk+1(X) :f(xk+l)+gk+lT(x_xk+l)+2

Require

Vyin(x) = V(")
vyk—i-l(karl) — vf(karl):ngrl

Therefore, we require,
Vyk+1(xk) — Vf(xk) — gk _ gk+l i (Bk—i-l)fl(xk _xk+l)
Letting g°7' — gF = 4% and x*t! — x* = &%, we get

BH]"yk = &% (Quasi-Newton condition)
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@ Quasi-Newton condition

Bk —
e B! should be positive defirlite 0

"}’kTBkJrl")/k — ")’kT(sk >0 V ,Yk 7é 0
o From Wolfe conditions for line search,
k+17T gk kT gk kT gk
ghd >cgtd, c,e(0,1) = 46 >0

... When Wolfe condition is satisfied in a line search,
3 B! which satisfies Quasi-Newton condition
w variables to be found using n equations and n

inequalities
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Consider a simple way to update B*: Let a # 0,u € R",u # 0
B = B* + auu” (Rank-one correction)

Choose « and u such that B¥™! satisfies Quasi-Newton
condition

(B +oun” )y = &
cau'yu = 6 — B4
Letu = 6* — B'y*,
Therefore, au’~* = 1 gives o= = (5k — Bk’Yk)T’Yk-
(5/{ _Bk,)/k) ((sk _Bk,yk)
(6"~ Biy)

Blg;erll =B"+

B“"! obtained using x*, x**!, g* and g**'
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Quasi-Newton Algorithm (rank-one correction)

(1) Initialize x°, € and symmetric positive definite B”, set
k= 0.
(2) while ||g"|| > €
(a) d* = —B'g*
(b) Find of(> 0) along d* such that
() f(* + okd) < f(x)
(ii) of satisfies Armijo-Wolfe (or Armijo-Goldstein)
conditions
(c) x*t1 = xk 4 okdk
(d) Find Bk using rank-one correction
) k:=k+1
endwhile
Output : x* = x*, a stationary point of f(x).
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Example:

X2
o
T

Quasi-Newton algorithm (rank-one correction) with inexact line
search applied to f(x)
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Example:
min f(x) 2 4x7 + x5 — 2x1X,

o —oana- (3 2)

g (0.1667 0.1667)
0.1667 0.6667
k| x| % B lg*]
0| -2 2 1 0 | 120
0 1
1] 0 2 [0.1833 0.2333 | 5.65

0.2333 0.9333

2 | .1538 | .1536 | 0.1667 0.1667 | 0.92
0.1667 0.6667
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Example:
min f(x) 2 4x7 4 x5 — 2x1x,

Quasi-Newton algorithm (rank-one correction) with inexact line
search applied to f(x)
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Example:

min f(x) 2 4x7 + x5 — 2x1X,

* T 8 _2
e x*=(0,0)",H = 5 5 )
g (0.1667 0.1667)
0.1667 0.6667
k| X X5 B [Fall
0 1 0 1 0 8.25
0 1

1] 0.0588 | .2353 | 0.1892 0.2432 | 0.35
0.2432  0.9270

21-00029] 0 [0.1667 0.1667 | 0.024
0.1667 0.6667

3 0 0 0
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Example:
min f(x) 2 4x7 4 x5 — 2x1x,

Quasi-Newton algorithm (rank-one correction) with inexact line
search applied to f(x)
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Example:

o x* = (0,0, H =

min f(x) £ 4xt + 25 — 2x1X,

8

-2

-2 2 )

! — (0.1667 0.1667)
0.1667 0.6667
k| X X B* [Fl
ol -1 -2 1 0 | 447
0 1
1]-0.2308 | -1.6154 [ 0.1724 0.2069 | 3.09
0.2069 0.9483
2 0 0 0

Shirish Shevade

Numerical Optimization




Consider the problem,
1
min —x"Hx + ¢'x
x 2

where H is a symmetric positive definite matrix.
Newton Method: Choose any x°,d% = —H 'g% x; = x*.
@ Suppose we apply Quasi-Newton method (rank-one
correction) to solve this problem
@ At every iteration k,
o B*t! is symmetric positive definite
o B! is obtained from B¥, x*, xk*1 gk and gkt!
o B! satisfies Quasi-Newton condition, Bt~k = §*
Note that,

gt = Hx*+¢
gk+] — ka+1 +c

'.'gk+l _gk — H(xk+1 _xk) = ,Yk — H(5k
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Using Quasi-Newton condition at every iteration, we have

k=0, B'A"=¢"
k=1 B>~'=§'
k=2, B~*=¢"

k=n—1, B'y"'=¢"

Shirish Shevade Numerical Optimization



In addition to Quasi-Newton condition at every iteration, if we
ensure

k=0,B'y" =6’
k_ 1 B2")/1 _51 B2 0 5()
k:2, B3 2:6273371:5173'% 0:50

k=n— 1, Bn,ynfl — 5n71’Bn,yan — 511727 B" 0 _ 50

Hereditary Property
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k=n—1, B'y"'=§" ' B2 —§2 B~y —§
Suppose (8° — B*y*)"~* +£ 0 in the rank-one correction.
LB (LA R) = (67 168116°)
Using v* = Hé"* for every k, we have
B"H (5"_1| e |51|60) = (6”_1| . |51|50)
If6°, 8", ..., 8" " are linearly independent, then
B'H=1=B"=H"'

Therefore, after n iterations, dy,, = —B"g" = —H “lgh = dy,

and

xn+l — x*.

For a convex quadratic function, the solution is attained in at
most n + 1 iterations using rank-one correction for BX.
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Hereditary Property

For the symmetric rank-one correction applied to a quadratic
function with positive definite Hessian H,

B4 =¢, j=0,... k—1

Proof.
Note that H* = ~* V k.
Fork =1, B1 0 — §°. (Quasi-Newton condition)
SupposeBk'yJ §.j=0,... k—1.
Using rank-one correction and using j =0, ...,k — 1,
k k k kT
Bk+1 — Bk (6 B k) (6 B ’Yk)
(6 = B'4)
By (Bk L (0 =B — B > N
B (6" — Bi ) T*
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Proof. (continued)

. . 5k — Bk7k) T
‘.'Bk-H — B + ( (sk — BfAK
7 v (5"—B"7")T7"( T
, 5k — Bk')’k) T . T .
_ B 8"~ — 4By
v (5k _Bk,-),k)T,-),k ( )
kK pkok
— Bfy (O —BY) (57ys _ §Hs
k kg \ T i
(5 — B*y ) 0%
_ Bk,.),/'
= dVj=0,.. k—1
Also, BF1yk = gt (Quasi-Newton condition)
Therefore,

By =§Vji=0,... .k
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Theorem

Consider the problem,
min f(x) = L +c'x
X 2

where H is a symmetric positive definite matrix.

If the rank-one correction is well defined and 8°,98", ..., 8"
are linearly independent, then the rank-one correction method
applied to minimize f(x) terminates in at most n + 1 iterations,
with B" = H™".
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Quasi-Newton Methods - Rank One correction

(5 _B k) (5k Bk,yk)T

Bk+1:Bk+ p
(8" — B'4*) A

Some Remarks:

@ A simple and elegant way to use the information gathered
during two consecutive iterations to update B*

o B""is positive definite if (§* — Bk'yk)T'yk > 0 which
cannot be guaranteed at every k
o Numerical difficulties if (6 — B‘y*)" % ~ 0
The following update methods have received wide acceptance:
@ Davidon-Fletcher-Powell (DFP) method
@ Broyden-Fletcher-Goldfarb-Shanno (BFGS) method
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Rank Two Correction
Given that B* is symmetric and positive definite matrix, let
B = B + auu” + pw”
Quasi-Newton condition, B~k = §* gives
o vu + pvTyky = §* —B*A

Letting au’+* =1 and BvT+* = 1 gives

Oéil — 6kT7k
_ T
gl = ,Yk Bk,yk
Therefore,
7 5k 6kT Br~k kT B
B =B ST ’YZT;k’Yk (DFP Method)
i
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5k 5kT B~k B
BSL =B + 22— — =TT 2 (DFP Method)
5k kT Bk

o Is B}\} a symmetric positive definite matrix, given that B*
is symmetric positive definite matrix?
B\l is a symmetric matrix.

Letx # 0,~% #£ 0, 6 # 0.

T
(xTBk,.Yk)z (5k x)z
,YkTBk,yk dkT,yk

x"Btlx = x"Bx —

Lol 1
Since B* is symmetric, B¢ = B*> B**> where B** is symmetric
and positive definite.
1 1
Letting a = B*”x and b = BX>~*,
(a"a)(b"b) — (@'B)” (6" x)?
b'b Fis

TRkt _
X Bpppx =

,7k
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(a’a)(d"D) — (a’b)? . (8" x)?

TBk+l —
X DpppX b7 5kT7k
o (a’a)(d"b) > (a’b)? (Cauchy-Schwartz inequality)

o b'b = ~*"B*4k >0  (B"is apositive definite matrix)
Note that x**! = x* — o/Bfgt = 6" = —a/Bg"
Suppose that x**! is obtained using exact line search.

s gtTet =0
5kT,yk _ 5kT(gk+l _gk) _ _gk(sk _ akngBkgk >0

Therefore, x” B%Lx > 0, or BiL1 is positive semi-definite.
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(a’a)(b"b) — (a’b)? . (6 x)?
b'b 5kT,7k

Tpk+1,. _

X' Bpppx =

We now show that BiL is positive definite, that is,
x"Bix > 0,x #0

We have already shown that 6%’ % > 0.
Suppose x”Bjttx = 0,x # 0.
Therefore, (a’a)(b"b) = (a”b)? and (6" x)? = 0.

(a’a)(b'h) = (a'b)* = a=pub = x=py* = pu#0

((51‘Tx)2 =0 = b4 =0 = 84 =0 (contradiction)

Therefore, x”BiLx > 0,x # 0 = By, is positive definite.
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Quasi-Newton Algorithm (DFP Method)

(1) Initialize x°, € and symmetric positive definite B”, set
k= 0.
(2) while ||g"|| > €
(a) d* = —B'g*
(b) Find of(> 0) along d* such that
() f(* + okd) < f(x)
(ii) of satisfies Armijo-Wolfe (or Armijo-Goldstein)
conditions
(c) x*t1 = xk 4 okdk
(d) Find B! using DFP method
) k:=k+1
endwhile
Output : x* = x*, a stationary point of f(x).
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Example:

min f(x)

X2
o
T

Quasi-Newton algorithm with exact line search applied to f(x)
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Example:

min f(x)

X2
o
T

Quasi-Newton algorithm with exact line search applied to f(x)
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Example (Rosenbrock function):

min f(x) 2 100(x, — )c%)2 +(1—x)°

1.4

1.2+

0.8

0.6~

X2

0.4

0.2

-0.2-

-0.4-

L L L L
-1 -0.5 0 0.5 1

Behaviour of Quasi-Newton algorithm (DFP Method) applied
to f(x) using x* = (—1.2,1)7
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Example (Rosenbrock function):

min £(x) £ 100(x; — x%)2 +(1—x)°

AR T [ W]
0| -1.2 1 24.2 232.86 2.2

1 |-1.01 | 1.08 4.43 24.97 2.01

2 | -0.84 | 0.68 3.47 14.53 1.87

3 1-0.70 | 042 3.33 25.61 1.79

4 -0.76 | 0.54 3.18 14.19 1.81

5 |-047 | 0.17 2.37 14.80 1.69
10 | 0.20 | -0.01 0.84 9.00 1.29
151 0.75 | 0.56 0.06 0.34 0.50
20| 0.99 | 0.99 0.0002 0.69 0.02
241 099 | 099 | 5.72x10712 | 2.25x107% | 5.35%x10°°

Table: Quasi-Newton algorithm (DFP Method) applied to Rosenbrock

function, using x* = (—1.2,1.0)7.
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Example (Rosenbrock function):

min f(x) 2 100(x, — )c%)2 +(1—x)°

1.2

. . . . . . . . . . .
-1 -0.8 -0.6 -0.4 -0.2 o] 0.2 0.4 0.6 0.8 1
x1

Behaviour of Quasi-Newton algorithm (DFP Method) applied
to f(x) using x° = (0.6,0.6)"
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Example (Rosenbrock function):

min f£(x) 2 1000x, —2)* + (1 — x;)?

K12 [ & 76 | T8 I+

0] 06 | 0.6 5.92 75.60 0.57

1 10.72 1] 0.50 0.12 6.32 0.572095

2 |1 0.68 | 0.46 0.11 1.56 0.629112

3 1080 0.63 0.06 4.65 0.421985

4 |1 0.80 | 0.64 0.04 0.39 0.410591

5 | 0.88 |0.78 0.02 2.67 0.252278

6 | 0.99 | 098 0.0005 0.94 0.0238278
7 1098 | 0.97 0.0003 0.33 0.0348487
8 10.99 099 | 7.8x1073 0.23 0.02

9

0.99 | 0.99 | 5.3x107’ 0.0048 0.0016
. 1.1x1078 0.0044 | 3.2x107°
0.99 | 0.99 | 3.1x10713 | 3.2x107° | 1.2x107¢

Table: Quasi-Newton algorithm (DFP Method) applied to Rosenbrock
function, using x’ = (0.6,0.6)7.
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o Newton direction, d}, = (Hk)_lg"
@ Quasi-Newton direction, dQN = —Bkg
e Quasi-Newton condition: BftIAk = §*
= ,Yk _ (Bk+l)—16k
o Let G**! = (B**')~! approximate H*"".
Therefore, we get dual formulae:

Bk+1 k 6k
Gk+16k _

k

5 5kT B ’Yk ’)’kT B*

Bk+1 :Bk+ o
DFP (skT’yk 'YkTBk’yk

(DFP Method)

,),k,ykT G- st ékTGk

k+1  __ ik .
GBFGS - G + ")/kT(sk 5kTGk5k

(BFGS Method)
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T T
Gk-‘rl _ Gk N ,7k,.),k B G"é"é" Gk
BFGS 'ykTék (5kTGk5k

(BFGS Method)

e How to get Bjil.¢ from Giflo?

@ Use the condition,
k+1 pvk+l
BBFGSGBFGS =1

to get

TB~\ 6687 d~'B + B~6T
B,’;;gS:B+<1+7 7) (7 i )

o'y ) 6Ty 8"y
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Example (Rosenbrock function):

min f(x) 2 100(x, — )c%)2 +(1—x)°

1.4

1.2+

0.8

0.6~

X2

0.4

0.2

-0.2-

-0.4-

L L L L
-1 -0.5 0 0.5 1

Behaviour of Quasi-Newton algorithm (BFGS Method) applied
to f(x) using x° = (—1.2,1.0)"
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Example (Rosenbrock function):

min f(x) 2 100(x, — )c%)2 +(1—x)°

1.2

. . . . . . . . . . .
-1 -0.8 -0.6 -0.4 -0.2 o] 0.2 0.4 0.6 0.8 1
x1

Behaviour of Quasi-Newton algorithm (BFGS Method) applied
to f(x) using x° = (0.6,0.6)"
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Broyden Family

@ DFP method
6k6kT Bk,Yk,ykTBk

Bk-l—] :Bk+ o
o Sk A By

@ BGFS method

Bl B+ <1 N 'yTB'y> 86" B (d'yTB—i—B'yJT)
BF -

o'y ) &'y o'y
@ Broyden Family
B"'(¢) = ¢Byhos + (1 — ¢)Bpr

where ¢ € [0, 1].
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Quasi-Newton Algorithm (Broyden Family)

(1) Initialize x°, ¢ and symmetric positive definite B,
v € [0,1], setk := 0.
(2) while ||g*|| > €
() d“ = —BX(p)g"
(b) Find of(> 0) along d* such that
() flx*+afd') < f(x")
(ii) of satisfies Armijo-Wolfe (or Armijo-Goldstein)
conditions
(c) x*H1 = xk 4 okd*
(d) B () = pBfgs + (1= ©)Bip
(e) k:==k+1
endwhile

Output : x* = x* a stationary point of f(x).
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