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Note Title

$: La.b] ™ R

Aim: To dindd c  Such +hat £(0)=o0

T2 P. [a,b) — R s continuous anel
Pl PC) = 0 , Hen by Hwe Tterneoliote

value Hweorem
Llcry= 0o Por some ¢ € [a,b],




aﬁven:

zero,

Cither
Choose

Bisection Methoo
P:Jo,b] — R is corbinuous

LCa) () < © anol £ has a Unigune
c , in [o,b]
Method ¢

Let m= Q+b
2

I £(m)= 0, “Hhen C =m. ObHerwise

Elay E(m) < O or '?CM) <o .

v
a,]."_'. Q; bol:—'m- Cl’l()o&e. Q,.._m) b-é



Bisection Method : Adgorithm .

For n=o0, 1,2, -- -
m — Qn-i'bn
2
I? P(a,)#(m) <o , then set
Apyy = Xn bn-m =M
else Sa— an_r1 = m ) bn.’.,’ - bh




Thus Op — C, b,— C Qs n—oroo
Drawhbock - The conwe,ryencé, | S very shlow .
A+ each step : Ohe more correct binaroi

an;T




£ s contnruous , PN ==-1, Pl2)= 5
-Pl(DL) = 3 9(,?—-7 >0 for 2 e [1,2.]

— £ s s+n'cua_ imc;'eawing~
= £ has o uru'cl«»e, zero in [1,2]

P(3)y= 23 _3 1 = 27-12-8 _ 3
2 8 2 -3
8
6.8%5.

(1

= ? has o =ero in [1,1.5] --




De inition

2 has a SiMP.QL zero at c P
Plcy=0, but LYo .




Newton’s method . (sir:f,&, zero)

Eqwation of e ’f'angae;d'
X
0

) ,
X - 92o

h Y = -£C?t03 + -12/@(03(?6-20)

// 7 —{— — O
— Ay Ay 2o
£0C)
tx’n-” = Ap = £ _ Ap oa.iven




v initial guess .
s Method Ay
Newton’s

C B neo,1,2,
xnﬂ = A, _P,an)

Metirod Ao 5 11 . ?Ven ZJ
:SE,Q’;J; P () — FOlp-4) — 32 [2,,-1) ”
o =

An) a
- o, _FC

'ﬁ [,"'n-q b ?(,J
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(_21 ) #(14)>
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g = 'P(ﬁ(o')'t‘

Equotion of +re
Secant ‘ﬂ\mugh

(2o, H2)) ancl (24, #{d,))

Y- #a0) )= #()
A — Ao ' Aq— Ao

-
—

Pl = #(20) (- 21,)
A=Ay




d =

Pl + PO - #00) (4 z,)

= O
A=Ay
= Ay — F(Ao) Ag-Ao
‘F‘Cﬁq}"-ﬁ'(ﬁo)
= 20 — -ﬁC?(o)
£ [2o, 2 4]
= 9(.” — 'P(xn) . N=1,32,---

# an-‘h A n:)



Fined Poind
L et g [a,b] — [a,bl. A point C € [asb]
is sajd t be a Fiaed point if

.De-P-inQ.
P) = 900 - A

Llc)y=o =D gCC)-:—C




Proposition: Let g: [a,b) — La,b) be
Continuous . “Ten 9 has a Fined point
c in [o,b].

_Proo?; I 9. (a)= , then Cc=a .

T2 9(b) =b, Hen C=b.
Consicler the Case when gladF o, Jlb)Fb.
Then 3Cq)>CL , 3(b)<b.




Debine PO = g -
9(a) 7 @, glby <b =
Loy 20, B(Cb) < ©
P: [a,b] — IR, Continuous .
Hence by the Intermediale Value Theorem,
Plcy = 0 Por some C e (a.b)-
= gloy = C .



The reswlt is not true if

1) [a. b] is replaced by Co.b)
g ) = 2%, o e (o,

2) [a, bl s mplaceol by [a.o)
9> = X+1, A € [o,0)

3)3 is not continuous

%, ot e (0D

96"):{1 ) A =0
4

O ) Qe.f'—-




P4

Consicler — g() = ’HZ" 2 € [0,1)
Uniqre. Finedl point @ C= 1

gy = 9(2“, 2 e [0.1]

Twe FHwed poinfs _t C=0 and C=1
g = 2, R € Ce, 1]

Inbinitedy many finecd points :

Each C € [0,1] is a fned point .




Uniqueness of e fined point

Teorem: I# g : [a,b] — [a,b] isﬁCOr\h'nu.ou.J
And g is cli Plereptiable. On (o,b) with
[g'(x)l<'l, X € (a,b), Hen 9 has

o unique  Faed  point in [a.b] .

Proof: Existence s already /Z)Yoved.-




Let 9(Ccp = Cq, 9(C)=Co, C4,C, €[ash]

Then
C1 = CZ — 3CC1)' 3(CZ)

= (C1— Z)gl(d) ) d e (C'i)Cz,)

J bg the. Mean Valne “leorem .
Thus ,
|Cy=Cyl = |C=Cy))9Cd)] .

Since | g'ted ] <1, it follows that Cy=cC,




Picarcl Fixed FPoint Tteredion

Assupmptions: 9. [a, b] — [a,b] is Continuous,
9 is clifferentiable on (a,b),

[3'(x))s kK <1, 22e (a,b).

[Then 9 hos QG unigne fixecl point C in

[a,b) . Let 2, € [a.b] . Debine
Ap = 9(xp ) > n=1,2,0

TThe.n X, — C as h—oo.




Proof: We have

[9°Cxy] = K <1, 2 e(a:b).

9Cc) = C , Ape [a,h], 2= 3(,;,:11)12){“
Con sicler
Ry=C = 9(R )= 9(C) = Ry~ C) §(cky) MVT

2
Hence [Ap-C)l & K |2Ap 4=l & Knlxn_z-c)
5 K lz.o"C,
Kn——-90 AS h— o = Xpy —>C OS nhn—oo.




Debinition : Let Ro, Ay,-—, 2, --- be Q. Sequence

tohich Converges 1o C, and self €,= 2Ap-C.
T2 there exists a Constant M=*=0 and a
real number Jo Such that

ij len-r‘l, — M 9
n—ooe e, )P

Hhen M s called Q.S\ymp‘ro'h'c erroy Constasdt
ondl P is callecd he oroles of Convergence. .




Enamples : 1) 2, ..,:T__.)o a4 pn—oeo
en-H— ] L P-—";M-—?
€n 1 n+1
h
z)xh - 1 , En+1 Vn __)1 ’o;']) M-=1
Vi~ En h+1
2
glet o= L, A=A, K=y, 0 Knpg = 2y
TThen Ap — O €n+1_ A, ____/l p= 2, M:=1.
e, A



