Discretization- Finite difference, Finite e ement methods

Q1.
Identify the natural and essential boundary coodgiof the following differential
equation:

2 2
j {a(x) d y}+b(x) =0, for 0<x<L; subject to the following boundary conditions:
X? dx
2
y=0anddy/dx=0 at x=0; a(x)d—g = A, d dy =0.
dx® | | dx dx’ L
Solution
d? d’y
—a(x +b(x) vdx=0
JLXZ{ ( )dxz} )

I Ld—:{a(X) (ili }vdx+jO b(x)vdx =0
} Ldv d

d’y L
0 o O (X)W dx+ [, b(X)vdx =0

i d

d d%y dv d2y LdA d y
v—-< a(Xx —a(X)— dx+ b(x)vdx=0
i { () 2}0 |:dx ()dXZ . de2 J.O ()

It is clear from the boundary terms that the priynaariables arey and % and
X

2 2
secondary variables alge d Z d Z
dx dx dx

boundary conditions arg =0 anddy/dx =0 at x=0 and natural boundary conditions

are{ dzﬂ =A, {d (a(x)Ol yﬂ =0.
dx | | dx dx? L

Q2.

Consider the following differential equation on ghemainx, < X< X,

2 2
d—z ad—lzJ —i(bduj+cu—f where a,b,c are known functions of,
dx“\ dx®) dx{ dx

a(x),b(x),c(x)=0 for all x.
(a) Develop the variational formulation for thidfdrential equation in the form: Find
such thata(u,v) = L(v) forall v

(b) Identify the function spaces thatand v should lie in, and the appropriate essential
and natural boundary conditions.



(c) Show thata(.,.)is symmetric and positive definite.

(d) Formulate the minimization problem correspondito the above variational
formulation.

Solution
(a)
d® ( _d? d(, du
*— | a—; |vdx—[2—| b— |vdx+[ % cuvdx = [? fvdx
% dxz( dx® A dx( dxj b b
_ , N
vi ad—l: e d d ujav dx—[vb%} +jx2ded—dx+jXZCuvdx [ fvdx
dx| dx “dx dx dx dx |, dx dx
i 2, \ 1% 2, % 2
vi ad—l: - ﬂad—lzj +[ ad—l:d—z\;d [vb%} + [ b%d—dxﬂ“cuvdx [ fvdx
| dx X" )| dx dx “ o dx® dx dx, T+ dxdx
a(u,v)=L(v)
% _d?udiv du dv
a(u,v)—J'Xl a7 g O J' b= dx+J'X cuvdx
L(v)= " e~ va d—‘j dv, d {vb%}
dx{ dx . dx a dx
X d2U ?
(b)j ( jdx<oo—>H1 IM(FJ dx <o - H2
2 2
I (dvj dx<oo - H* I d—\zl dx<eo — H?
dx | dx
(© Possible boundary conditions are as follows
Essential boundary conditions Natural boundary
. - d d’u
0] u specified a—, | specified
x| "X
y . d%u .
(i) u specified aF specified
X
e du -
(i) u specified bd— specified
X

(c) a(u,v)=a(v,u)
It implies thata is symmetric.

a(v.v)=[* (gx"j e+ [ ( jdx+j ov’dx = 0

Therefore,a is positive.
(d) ﬂ:%a(u,u)— L(u)



X 2 2 X: 2 X
=1 ["a d—l: dx + Zb(%J dx+|[ " cu?dx
AR dx ! dx X

j % d( du)” [du daul® du1®
—-| fudx-|u—|a— || +|—a—| +|ub—
% dx| dx . dx dx N dx

X

Q3.
Consider the following heat conduction problghs x < 1):
i(kd_-rj +S=0

dx\ dx

The boundary conditions specified are as folloWgt) = /2, (:j—Tj =0
X

() Is T =cos@rx )+ sec{lzr—x a valid trial function? Explain.

(ii) Is T =sin(7x)+ cosec(77x) a valid weighting function? Explain.

Solution
(i)
T =cos(rx )+ sec@
T (1) = cosgr )+ secg F- 24
It violates the given essential boundary condi@ib(‘il)=x/§) . Hence

T =cos@rx )+ sec{z is not a valid trial function.

(i)
i(kd—Tj+ S=0
dx\ dx

j{%(kz—lj+ S}vdx =0

wherev is the variation inT which is taken as weighting functiomwy.

w=09T
SinceT is given atx=1, oT =0 at x=1.
Now, w = sin(77x)+ cosec(77x)

w(1) = sin¢7)+ cosc(77) =undefined

HenceT =sin(r7x)+ cosec(71x) is not a valid weighting function.

Q4.

One-dimensional steady fully developed fluid floakés place between two parallel
plates (this effectively implies that the transiand advection terms in the momentum
equation turn out to be identically zero) with zeressure gradient. However, the flow is



subjected to other body forces dependent on thé&igosand velocity, so that the
corresponding governing equation for velocity inca-dimensional form becomes

%+u+x 0, with u(0)=u(@)=0.
X

Considering a trial function ofi = asinmx, determine the value of the paramegdry
following the least square method, the point c@tmn method ( considering a single
collocation point as the mid point of the domai®alerkin’s Method and Rayleigh —Ritz
Method

Solution
E +u+x=0
ax?
u(0)=u()=0
Trial function is given asl,, , = asin7x
Differentiating the trial function with respecttdawice, we get
oo _ arrcos/Tx
dx
du
P = —arr’ sin7x
dx

The residual becomes
2

d°u
— approx
R= dX2 + uapprox +X

= —asr? sin71x + a sinfrx + X
or, R=x+asinﬂx(1—772)

i) Least Square Method.
1

i-jR2dx=o

jR—dx 0

,  0a
Jl'{x+asmnx(1—nz)}{n(l—nz) sinnx} dx = (
0
=

{x+ aS|nnx(1—n2) sinnx}dx =C

=

1
J
0
1 1
- J'xsmnxdx+(1— )aJ' sirt 7zxdx = C
0 0

xcosnx} [ S';;ﬂ +(1-n2)a(§1j -0



2 ,
U=———-sinnx

77(772 —1)

i) Point collocation Method :
I:i<20.5 = O
R:1+asin7—7x(1—n2) =0

2 2

1
71

= a=

sin X

1
m -1

iii) Galerkin’s Method

According to Galerkins Method, weighting functianequal to trial function. Therefore,
Weighting functionw = sin7x

Jl'{x+ asinnx(l— nz)} sinzrxdx

0

a(l—nz)jsin2 nx+J%x sinzrxdx = C
0 0

1
—jxsinnxdx
0

a=

(1—n2)stin2nx

2

7T(772 —1)

u= )sinnx

_2
7T(772 -1
iv) Rayleigh —Ritz Method

1 2
J'(a—l:+u+vadx:O
5\ dX



laZu 1 1
= j—zvdx+juvdx+jvxdx =0
5 dX
:[%v}l J-S\):(:Iidx juvdx+jvxdx 0

= Jj(%d—:: - uvjdx J'vxdx

a(u,v)=1(v)

ﬂ—%a(u u)-1(u)

-—I(( J ]dx [

ﬂ——j( a’mr’ cos’ mx—a smznx)dx Ixa simrxdx




