FAQOs & their solutions for Module 1:
Introduction & Basic Mathematical Preliminaries

Questionl: An electron of energy 200 eV is passed through a circular hole of radius
10 “* cm. What is the uncertainty introduced in the angle of emergence?

Solutionl; P ~ V2mE =[2x0.9x107%' x3.2x1071°1¥2 ~ 8 x107%° gemisec

Now
n 107 ergsec

Ap ~— 2 =5x10"%4 gcm/sec.
AX 2x107" cm
0 ~ AEX ~ 6 x107° radians = 1 secof arc

Question2: In continuation of the previous problem, what would be the
corresponding uncertainty for a 0.1 g lead ball thrown with a velocity
10° cm/sec through a hole 1 cm in radius?

Solution2:

p ~ 10% cmglsec, Ap ~ Aﬂ ~ 5x 1072 gcm/sec.
X

0 ~ 5x107% radians ~ 1073* secof arc

Question3: Prove the following representation of the Dirac delta function:
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The function M Is plotted below for g = 5 and g =20. As the value of g
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Increases, it becomes more and more sharply peaked at x=a=2.. Thus the function
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Now Sin[g X_a]: 1 +geiik(x—a)dk.
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Question4: Using Eq.(1), show that if we define
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1 77 Fikx
then fx =—— |F k g™ dk 3
X == !O e (3)
The function F (k) is the Fourier transform of the function f (x).

Solution4:  Since f(x)= [5(x—x")f(x')dx" we may write

—00

+00 +00
f(x) =2i [ Je 1 (x)dx dk which is known as the Fourier Integral theorem.
T

Thus if we define
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Then
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f(x)=—= [F(k)e™ dk

(x) Jﬁi (k)
The function F(k) is the fourier transform of the function f(x).

X—a ?
Question5: We define G, X = exp| ————1{; >0 (4)
o\ 2n 20

Show that & x-a = lim G, x which is the Gaussian representation of the Dirac-
delta functions.
Solution5: We have the integral:

+00 . +00 . p ﬂz

je “dx =Jr = Ie P gy = |~ exp|t—|; Rea >0

= = a do

1 x—a’
Now G, x = exp| - — | ; o >0 If we use the above integral we
o2r 20

readily obtain:

+
j G, x dx=1.Ifweplot G, x asa function of x for differenet values of o (see

diagram below) we will find that in the limit of ¢ — 0, the function G, x has all the
properties of the Dirac delta function and we have § x-a = limG_ x .
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Gaussian Representation of the Delta Function

Go(x)

Question6: Consider a Gaussian pulse givenby f t =A e /%" e ot Calculate its
frequency spectrum and show that t Ao ~ 1.
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Now F 0o =— jf t e dt. Thus
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If we use the equation Ie dx = p exp a0 | Re aa >0

o
_w

we would readily get
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F o =Acexp |

The duration of the pulse is ~ z and the frequency spread Ao IS ~ 1
T

Question7: Showthat § x—a = H' x—a where H x—a Isthe unit step function at

X=a.
Solution7: 5 x—a =Ilim R, x ; where
o—>0
1
R, x =— for -o<x-a<o
20

=0 for |x-a>c

Consider the ramp function
1

F, X =— X-a+o for -o<x-a<o
20

=0 for |x-a>c

_dF, x
o dx
F_ x becomes the unit step function (see Figure below) --- hence

d Xx—a = H' x—a .

It can easily be seenthat R x . In the limit of & — 0, the function
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