FAQs & their solutions for Module 7:
Bra-Ket Algebra and LHO-II

Questionl: If a|4)=|P), show that (P|=(Alz where & is the adjoint of the operator « .

Solutionl:

(4|a@|B)=(B|a|4)=(B|P)
=(P|B)
Since the above equation is valid for arbitrary |B) we have

(P|=(4|& = conjugate of | 4) (1)

Question2: Show that ¢ = fa where @and S are the adjoints of the operators « and 2.

Solution2: We consider two linear operators « and S whose adjoints are denoted by &z and 3 ,

respectively. Let

|P)=ap|4)
then
(P =(4lep
Further, if |Q) = 8| 4), then | P) = ¢|Q) and
(Pl=(Qla =(4|pa
Thus
af = fa )

and, in general,

Question3: We consider the linear harmonic oscillator problem for which

2

p 1 20
H="—+Z uox 4
2n 2 (4)
We introduce the operators
1 .
a=—7 5 (,ua)x—i-lp) (5)
(tha))

and



where we have assumed H = H, p=Dp,

aH —Ha=[a.H]=hwa
and
aH — Ha =[a,H]=-hwa (8)

Solution3:

S : .
hwaa :Z(ya)xﬂp)(/yta)x—lp)

- i[,uza)zxz +p° —i,ua)(xp—px)]

=H+%ha)

x=Xx . Show that

(7)

9)

where we have used the commutation relation

[x,p]:xp—px: ih

Similarly

(10)

hota=H —%ha) (11)

Thus

H=-1L

and

ho(@a+aa) (12

aa —aa = [a,ﬁ] =1 @y

From Eq. (4)

ha)aﬁazHa+l hwa

and from Eq. (6)

2 (14)

hwaaa=aH - 1 hwa (15)

Thus

2

aH—Ha:[a,H]:ha)a (16)

Similarly

aH — Ha =|a,H|=-hoa

(wox-ip) ()

(17)



Question4: For the linear harmonic oscillator problem we have

H|n)=E, |n); En:(n+%jha);

(18)
n=0123,...

The eigenkets |n> form a complete set of orthonormal kets

(m|n)=6,, (19)
Further,
aln)=+/n|n-1) (20)
and
a|n)=n+1|n+1) (21)

Calculate <x>:<n|x|n>;<x2>=<n|x2|n>;<p>=<n|p|n>&<p2>:<n|p2|n> and also the

uncertainty product Ax Ap, where Ax=1/<x2>—<x>2 and Ap =4/<p2>—<p>2 .

Solution4:
h 1/2
x:(zlu_a)j (Cl+6_l) (22)
h 1/2
Thus <n|x|n>=(2ﬂ_wj (nla+a|n)
h 1/2
:(2—j [\/;<n|n—l>+ n+1 <n|n+1>}
HO
=0 [using the orthonormality condition]  (23)

(nlx*[n)=((nlaaln )+ (nlad|n )+ (nlaa|n )+ (n|aa|n))

=2,in[0+(n+1)+n+0]

:ﬁ(n+%j (24)

m:W - /ﬁ(m%) (25)

Thus



Similarly

<n|p|n> =0 (26)
and
<n|p2 |n> = ,ua)h(n +%j (27)
Thus
Ap = <p2>—<p>2 = f,ua)h(n+%j (28)
and
AxAp = (n + %)h (29)

The minimum uncertainty product [:

N[~

hj occurs for the ground state (» = 0 ).

Question5: Coherent states are the eigenkets of the operator a:

a|a> = a|a> (30)
where a is the annihilation operator defined through Eqg. (2). Expand |a> in terms of the kets
|n) and normalize |a) to obtain

@) =exp| - 3faf | £ ) )

The eigenvalue « can be an arbitrary complex number.

Solution5: We expand |o:) in terms of the kets |n)

)= SC|n) (32)
n=0,1...
Now
da)=3C,[n)=3 C,\u|n-1) (33)
n=1
Also
a|a>:a|a>=azcn n> (34)
Thus
a (Co|0)+Cy 1+ )=C|0)+ CN2 1)+ Cyv/3 |2) 4+
or
C 2
C =aC,, C,= Oj/il =%C0
G &
Cs—aﬁ—\/gco,

In general,



G, :ﬁco (35)
Thus
an
a)= Co;ﬁh) (36)

If we normalize |o), we would get

1= {ale) =l T X o

-lGf z(' A ) =|C,[* exp(Jaf*)

or
C, = exp(— %W] (37)
within an arbitrary phase factor. Substituting in Eq. (24) we obtain
1 2 a”
) =exo{ - 31af | ) &

Notice that there is no restriction on the value of o; i.e., o can take any complex value.

Question6: |«) and |B) are normalized eigenkets of a belonging to eigenvalues « and

S . Evaluate ‘<a| ,B)‘z and show that the eigenkets (belonging to different eigenvalues) are not

orthogonal.
Solution6: |r) and |B) are eigenkets of a belonging to eigenvalues o and 4, then

2

(a|p) =

exp(——|“| Jexp("'ﬂ' JZZ\/—
gleoy|

p n!

—exp(~[o' - |8 +a B+ap ) =exp (-la-p[)  (39)

~exp( e[ |5 )

Thus the eigenkets are not orthogonal (this is because «a is not a real operator).

Question7: Assume that at ¢ =0, the oscillator is in the coherent state
1 n
(=0} =|a)=exp - 3iaf | L fn) @0

What will be the time evolution of the state“P(t)) ?



Solution7:
1 n
¥ (:=0) =|)=exp - 3faf | Z | (@)
Since |n) are the eigenkets of the Hamiltonian, we will have
_ 1) 2 o iEt
¥(0) =0 -l |41 oo -5 @
Since

En:(n+%)ha); n=0,123... (43)

we get

W (1)) =exp[—%|a|2j2%!|n> exp{—i(n +%ja)t} (44)

Question8:
(@) In continuation of the previous problem, calculate
(W(t)|x|w(e)) and (¥ (1) p|¥ ()
(b) Compare the results with that of a classical oscillator.

Solution8:
We start with

“1’(1» _exp( %|a|2j2%|n> exp{—i(n +%ja)t} (45)

Thus

PP ) =TT L% . ”)1,2 =010 (1 4112 (| +1)

m n

2n

oo NZ |0‘

where we have used the relation c_l|n>=\/n +1|n+1). Similarly, using a|n>=x/;|n—1> (or,

(46)

taking the complex conjugate of the above equation), we would get

(¥ (t)|a]¥(t))=ae™ (47)
Assuming « to be real we get
(¥(t)|a+ a|¥(t))=2a cosar

Since



x :(—T/Z (a+a) (48)

(x) = <xp(z)\x\xp(t)>=(zi] 20 cosor (49

HD
or
(x) =x, cosaor (50)
where
h 1/2
X, :(—J 2 (51)
2U®
Similarly
ha) 1/2
p:i('u2 ] (c_l—a) (52)
Thus

2
h(() 1/2
:—(”T] 2a sin ot (53)

or

ax) (54)

<p> =—uwx, SInwt = u ”

which represents the classical equation of motion.



