Module 9 1

Problems

The JWKB Approximation

Question 1: Assume V(z) = $uw?2?. Calculate the values of the turning points and show that the
energy eigenvalues as obtained by using the JWKB quantization condition is given by E = E, =
(n+ %)hw, n=0,1,2,3,...(b) Plot the JWKB wave functions corresponding to n =5 and n = 7.

Solution 1:V(z) = % pw?x?

Thus
2u 1
20\ _ 2,2
k() ﬁ[E*yM z”]
and the schrodinger equation is
o,
R )()

Turning points [where k%(z) = 0] will be given by z = +,/ if;

__ [2E _ 2F
Thus a = e and b= + 2

(n+Hmr = f; k(z) dx
ﬂ/ab[E - %uuﬂﬁ]é dx
\/?72‘\/@/1)(042 — 292 dx
where z = asinf, a = \/%

The JWKB quantization condition is Thus

Nl=

f;(az —2Y)z dx = :;l va? —z? dx

= 2 fog a? cos? 6 do

= 2.1 .z

= 205 -5+ 5
T, 2B
2 w?

Thus (n+%)ﬂ':\/%’§'\/“gz-gﬁ
= E=FE,=(n+1)w; n=0,1,2...

which is same as exact result.

©Copyright Reserved IIT Delhi



V(x)=00, forx <0;
Question 2: Assume (see fig 1.)

= vz, for x > 0.
Calculate the values of the turning points and calculate the energy eigen values as obtained by using the

JWKB quantization condition.
Solution 2: For X > 0, V(z) = yz. Thus k?(z) = 24[E — ya;2 > 0

The turning points are z = 0 and x = %

Thus the JWKB quantization condition is

(n+5)mr = fOE/’Yk(a:) dx
= \/%/E/W(E—vx)é dx 1 R
" Jo = E=FE, = (%52°) [Bea+ D]’ n =012
_ % %Es/z
where £ = a sinfl, o = ifz

which represents the JWKB energy eigen values. Thus

— En — § 3
gn - (h2'y2/2p)% [4(271 + 1)71']

or, &, = 1.7707,3.6838,5.1775, . .. corresponding to n = 0,1,2,.... The exact values are

o

&, = 2.3381,4.0879, 5.5206, . . ..

Question 3: In the above problem assume the JWKB solution which vanishes at the origin and then
using the condition that the solution at large values of x should be exponentially decaying , obtain
the energy eigen values and compare with the exact result £ = 2.3381F,, 4.0879Ey, 5.5206F, where

Ey = (h;f)w.

Solution 3: We choose the JWKB solution which vanishes at the origin:
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Viwkp = :(w) sin [ [ k(z) dx], 0<z< £
= A _gnlo—((bax
\/@ s [ (f"L +4>} Thus
where § = fob k(z) dx+ %
andb = £

b
YV wkg = %sinﬂcos[/ kdz + Z]
“b

= ;\/‘% cosGsin[/m kdzx + %}
The first term on the R.H.S. will go over to an exponentially amplifying solution in the region x > b and

therefore we must have sinf =0 or § = n7w
= /Obk:dxz (n—i)ﬂ'; n=12,---
Thus
b = s = (220 — Ly
= 2.3203,4.0818,5.5172, - - -
which compares well with the exact values mentioned above.
Question 4: Consider a symmetric potential energy variation as shown in the Fig.2. Assume 0 < E < Vj
(a) Write the exponentially decaying JWKB solution in the region = > b.
(b) Use JWKB connection formulae to write the solution in the regions A < z < band 0 < = < a.
(c) Use the condition %(0) = 0 to obtain the transcendental equation determining the energy eigenvalues

for anti-symmetric states.

(d) Repeat the analysis for the symmetric JWKB solution.

1o - v
V(x)
8 w,
_
6 /
w,
. j/
4
w Vo
2 te
2 4 y, 6 8 10
> X=g~ b a a b
Fig.1 Fig 2

Solution 4: For = > b, the JWKB solution would be
U(x) = %emp[/b k(z)dz];x > b
where k?(z) = 2[V (x) — E).

h2
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The above solution would go over to

U, = —=
RVIO)

Now
/bkd +7T—/bk;d +E—(/mkd +
N A Y

Thus
U(z)

b
Hz/kzd:v

We again use connection formulae to obtain

b
sin[/ kderZ], a<xz<b

cos[f — (/zk‘dx + %)]

[COS@COS(/' kdx + %)—i—sin&sin(/‘ kdx + %)]7 a<z<b
a a

o

(z

N

= o
—~
8
N>

/ kdx / kdx
\I/(IE) = Ij(x [COS Qe x + %sin@e T ] for—a<z<a

5

The condition
T(0)=0

will immediately lead to

cot§ = —Jexp] k(x)dx]

—a

where

0= /abk(w)dac

For the symmetric solution ¥/ (0) = 0 and we will get

cotf = %e:cp[f/ ak(m)d:c]

Question 5: In ‘;he above problem assume V (x) = 1/2w?(|z| — d)? and carry out the integrations in the
transcendental equations.

1w (|z] — d)?

V(0) = Vo = 2 pw?d?

Solution 5:V(z) =

Now (for E < V)
b

0 :/a k(x)bdx
= \/?;’j/ [F — %MwQ(x—d)Q}l/zdx
:/ a[a2_§2]1/2dgzza2

Wherea:\/QE and { = /B (z —d

Thus

(i) For E<V
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cot(Za?) = tiexp[—ap(an® — a?)'/? + o? cosh™* o]
(ii) For E > Vj

gCVQ + ag(a? — 0‘3)1/2 +a?sin”! Q= (m+ %)”

where oy = 1/%
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